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SUR UNE MODIFICATION DE LORENTZ — INVARIANT 
FORMALISME DANS LA THÉORIE DE FUSION 


PAR BRONISEAW SREDNIAWA 
Institut de la Physique Théorique de l'Université Jagellonienne, Cracovie 
( Recu le 8 avril 1957) 


Dans ce travail une modification de Lorentz-invariant formalisme dans la théorie 
de la fusion de.M. de Broglie est présentée pour le cas de deux fermions de spin !/,. Ces 
fermions ne doivent pas être particules de Dirac, ils peuvent être aussi les particules 
de Majorana. Le formalisme proposé se distingue par la facilité des calculs. 


1. Introduction 


Dans ce travail nous essayons de présenter une modification de Lorentz — 
invariant formalisme dans la théorie de fusion de M. de Broglie (1940, 1942, 1943, 
1949) pour le cas de deux fermions quelconques de spin 1}, c’est-à-dire pour des 
particules de Dirac ou Majorana. Les particules composantes peuvent étre identiques 
ou différentes. Notre modification se diffère par la définition des matrices Г du for- 
malisme invariant de M. Petiau (1952), qui applique son formalisme à la théorie de 
diffusion. П nous semble qu'à l'aide de notre formalisme il est plus facile d'obtenir 
les équations et les grandeurs tensorielles dans la théorie de fusion et appliquer ce for- 
malisme pour le cas de deux particules de Majorana, ce que nous allons faire dans 
le travail suivant. 


2. L'équation d'ondes de la particule ayant le spin maximum 1. 


Nous considérons deux fermions (pas nécessairement de méme genre), avec 
les spins 1/, et les masses égales à m/2. L'équation d'ondes pour le premier fermion 
a la forme! 


| Yn On + =) yQ = 0 (1) 


1h=c=1 (A constante de Planck divisée par 2л); х; = z, y, Z, %4 = it; i, Fy... = 1,2,3 
ps v, z, В, ... = 1,2, 3, 4. 


Е 


(599) 
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pour le second fermion: 


(a ap @ = 0 @) 


Nous supposons que les matrices УС? et y? sont hermitiennes ayant quatre lignes 
et quatre colonnes, et qu'elles satisfont aux relations 


a? уй (0 Бу "I = 20, pour k = 1,2 (3) 
Ver (4) 


En appliquant aux équations (1) et (2) le raisonnement analogique au raisonne- 
ment que fait M. de Broglie pour obtenir par fusion l’équation d’ondes de la parti- 
cule composée de deux particules de Dirac, nous trouvons 


{(y Oe 9 Tm бов} Yey = D 
(GE, 9, Е т був} Vos 0 
Ces équations se diffërent des équations de de Broglie en deux respects: 1. elles sont 


plus génerales, car elles s’appliquent non seulement aux particules de Dirac, 2. leur 
invariance rélativiste est évidente. 


(5) 


Nous supposons ces équations comme les équations d’ondes de la particule de 
spin maximum 1. En désignant y, = Yg, nous pouvons écrire ces équations sous la 
forme 


(у 9, + m) y = 0 
(yd, + m) y = 0 


D'a'tre part en définissant les matrices 


HO (02) 0 Bd > (Г = £o (ус D) б (7) 


(5) 


et l’opération 
Г. = VE (Г, e Dos Фив (8) 
nous pouvons représenter les équations (5) sous la forme 
TPI +m) y = 0 
(T) 9, +m) y = 0 
Il est facile de vérifier les relations 
(®) p) k T) — 9 5 
[Ж Г SD 20, 
To po e. ro I 


(9) 


(10) 


En définissant (Г See, = (re Dë nous obtenons de (7) et de la définition `" 
de la matrice Г®, que e (LOT = "bye | 
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Si nous appliquons à la première équation (9) l'opérateur (70), — m, nous 
obtenons pour chacune des 16 composantes de la fonction d'onde ag l'équation de 
Klein-Schródinger 


(0 —m?) Yop = 0 
Après avoir defini la fonction d'onde y associée à v 
= 1) 7(2 
gewi rre (11) 
nous pouvons écrire les équations (9) sous une forme associée, qui nous sera utile 


9,9 TP — my = 0. (12) 


3. Equations tensorielles 


Nous allons maintenant dériver les équation tensorielles de la théorie de fusion 
en appliquant la méthode de M. Petiau et М-Пе Tonnelat. Les matrices у et y2 
étant hermitiques, nous pouvons transcrire les équations (6) sous la forme 

1 
608, + m) y =0 


13 
у (y 9, + m) = 0. se 


Multiplions ces deux équations en arrière par une matrice 271, dont nous demandons 
qu’elle satisfasse la condition 
E ey. (14) 
Nous obtenons 
(1 9 т) vg = 0 
(уы! 9, + m) vg a5). 
(yn) 9, — m) yg! = 0. 


La matrice g existe selon le théoréme fondamentale de M. Pauli (1936). On peut 
aussi demander que g soit unitaire. 
Développons maintenant la matrice suivant un systéme de 16 unités hyper- 


complexes уд = Yos Y,» Yur ( = Way) Эл ( = Un У Уе)» Yuma ( = Ya Ys Ve Ya) 
` 15 
yg! = У) pa (х) 7%. (16) 
A=0 ; 


Les fonctions Puys Pave ино sont complètement antisymétriques. Nous trouvons des 
équations (15) 


SÉ pay? УФ +m Doar? = 
SE Y? Y? —т Pa Va = un 
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< 


L'addition et la substraction de ces équations et la comparaison de tous les coeffi- 
cients de toutes les unités hypercomplexes à nul nous donne les équations tensorielles 


entre les quantités 9 д: 


d, Pre im Pu 9 (ЖШ) = 5 


д, p, — 9, Py, = img,, oe Ф, = 0, | (18) 
appellées par de Broglie „les équations maxwelliennes“ et 
uP voc іт Фито и Po > €, Po 
„les équations non maxwelliennes“ (voir de Broglie 1943 p. 108). 
Posons 
H, = Km pa, H, = Km Фу, Н, = Кт pis 
Е, = iKm py, E, = iKmpy, E, = iKmgg, (19) 
А, = — iK gy, A, = — iK %,,-4,- — ЖФ, А = У = — Kg, 


ой K est une constante; sa valeur est égale à 1/5 Vm (voir de Broglie 1940 p. 192). 
Posons aussi 
I], = — ip, l, = Presa 
Quom Фа, Oy = зар ба = ифдә, бо = — Физ. 


(19) 


Ainsi nous pouvons écrire (aprés la restitution de c et À (la constante Planck divi- 
see par 2x) les équations (18) et (18°) sous une forme vectorielle 


1 oH 
АН: É div H = H = rot À 
c 01 
1 дЕ 1 дА 
a ea igs На div E =— p?V joo: cog 
1 ДІ, 
Hi, ==) ent = 0 grad i == (199 
1 ДІ, | Р 1 3o 
EEN grad Г, = — ug me cc: 
~ 1 do 
to=0 — — ` = 
rot o FT + grad o, = 0 


où и = = (voir de Broglie 1943 p. 109). 
Nous obtenons les relations entre фа et y à la base des formules 
v= 294726 


ee, (20) 
pa = + tr AVE") 


anura v^ «қасым, m) 
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4. Grandeurs tensorielles dans la théorie de la fusion 
Définissons les matrices 
® — (k) — суч) p k k) p) n 
ВО ГЛ peso = TO гого го (21) 


et formons les grandeurs 


i= 
Вя = 2-5 (х) (Га + Га) v (x) (22) 
et 


En tenant compte des équations (9) et (12) nous pouvons montrer que 


OM 0, 95=0 
df 
où s, = В} représente le cowrant de probabilité. 


Les formules (7) et (11) nous donnent 


DT 


= (y xà (у a= ty (24) 


ou 
+> * 
Хва — Xas ° 


Aprës un calcul facile nous obtenons 


1 
Ва = + tr (z ya ORAS (25) 


et 


1 
Ми = уйу туы ЙУ PE) (26) 


Nous pouvons maintenant exprimer B¥ et M,, par les grandeurs tensorielles si nous 
remarquons que de (14) résulte la formule 
gy2* e = (—1) y? (27) 
où « = 0 pour À = u, uv 
a = l pour А = 0, ито, uvoo. 


En tenant compte de (24) et (27) nous trouvons les grandeurs BZ comme fonctions deg, 
15 
Ba = Zpe (tr ya yg g x + (—1)* ту g 99). (28) 


L'état d'annihilation de la particule de spin maximum 1 (voir de Broglie 1940 p. 192 
et 1949 p. 34) est Gm par 


5) NEE 
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car nous avons aprés (24) et (28) 


12 

8 Xt pU SE п) vor pour À == u, uv 

3 X (D – ГФ) у = фа pour A = 0,uvo,uvoo (29) 
З Ore + Г) y =0 outre. 


Ces équations montrent, qu'à la transition de la particule de spin maximum 1 de l’état 
determiné par la fonction d'onde y? à l'état y correspondent les grandeurs 94 du 
champ „maxwellien“ et „поп maxwellien". C'est la raison pour nommer l'état 77 
comme l'état d'annihilation de la particule. 

Développons y suivant un système des unites hypercomplexes 


15 
х= 2) Фвув 8". (80) 
B=0 
En mettant (30) dans (28) et tenant compte de (27) nous obtenons 
15 15 
Bj = — 2: Ds @b r yp ya yp Ya Ya E (NP ua tr yp ya yp YA v) (80) 


où y singnifie y. 
L'évaluation des traces ne presénte pas de difficultés. En posant у = y et en définis- 
sant 


PO = Por P = 9. Pa = — Ph Pik = Ve > Pa = — ФА. (31) 
nous trouvons les expressions pour D, = 5% T? + rP) y 
Di а, х х 1 х 1 х 1 x 
0 = — Po Po + Ve Vo — 51 Фо Vos + 3 Фот Poor — у Фоот Peoro 
p+ ee: x x l x 1 х 
CNE TP AN Pou F Po Фо — ZI Фест Фости 773 Poor Фости Зи 
Dre: ты kg х х х 1 1 
и’ 3 9, 9, Pu Ф, - @ Por — Фе Por + чу Фаро Фо» — 2 Фщю Ф 


l 1 
Di. = 90 Pure — Po Pine — F Pin Фа + F Pye Pr (82) 


° 1 
Dia = š (- Фито Po — Фе PO +9) 
Вы = 0 


T il 
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= 1 1 
D, == — Po 9, + Po 9 "E Poo GS p = 5 Pos Poou 


= 1 1 
De == Po Qu, F Po Pav eet фк Pour =š Po Ons zi 9 Pea Poon a Б Poa QE 


< ó l 73 
De al (в Pouvo = Ф, oam ar cT Gëf Polve] Eu 8. Pula Gëff ) 


1 
D = 31 (Vin P,oo] ‘> Фр Ф) 


Nous n'antisymétrisons les deux derniers termes que dans les indices u, v, 0). 
De méme maniére en appliquant les formules (20), (27) et (30) nous obtenons 
l'expression pour М), 


1 1 1 
M,, = On e Po = Ps Po um > Pes Фос 3E 6 Par Poor Gs 24. QM e| 
1 (33) 
22 (px 9, zi Pu 9, ) =; (ge Pro te Pug Pre) Ж” DI (Pros Pros zs Pugs Pha) 


L'éxpression МА est positive définie et sa partie maxwellienne est égale à la densité 
d'énergie du champ mésique vectoriel, ce qui nous amène à admettre M,, comme 
tenseur de l'énergie-impulsion dans la théorie de fusion. 

Le forrnalisme de la théorie de fusion ici présenté nous a permis à trouver les 
équations et les grandeurs qui paraissent dans cette théorie en forme relativiste in- 
variante à l'aide de calculs simples. Les résultats obtenus dans ce travail appliqués 
aux particules de Dirac donnent la théorie de fusion de M. de Broglie. Nous appli- 
querons ces résultats dans un travail suivant pour construire la théorie de fusion 


de deux particules de Majorana. 


КРАТКОЕ СОДЕРЖАНИЕ 


b. Среднява, О модификации релятивистически инвариантного фофмализма теории 
фузии l | 
В этой работе представлено некоторую модификацию формализма релятиви- 
стически инвариантной теории фузии де Броиля, для случая двух частиц 
о спинах равных !/. Фермионы эти не обязательно должны быть частицами 
Дирака они могут быть также частицами Маиорана. Представленный здесь фор- 
мализм отличается простотой вычисления. 
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THÉORIE DE FUSION DE DEUX PARTICULES DE MAJORANA 


PAR BRONISEAW SREDNIAWA 


Institut de la Physique Théorique de l’Université Jagellonienne, Cracovie 


(Reçu le 9 avril 1957) 


Dans ce travail la théorie de fusion de M. de Broglie sous la forme Lorentz-inva- 
riante (Sredniawa 1957) est appliquée aux particules de Majorana. On trouve que les fonc- 
tions d’ondes de la particule de spin maximum 1 et aussi les grandeurs J, А, E, H, ... 
des champs ,maxwelliens“ et „поп maxwelliens“ sont réelles. Pour l'énergie de l'interac- 
tion entre ces particules de masse évanouissante et les électrons on trouve une expresion 
ordinaire de la théorie semiclassique de radiation au lieu des expressions de de Broglie 
avec les champs complexes. 


Dans ce travail nous appliquons la théorie de fusion sous la forme Lorentz- 
invariant (Sredniawa 1957) aux particules de Majorana. Nous trouvons que les 
fonctions d'ondes de la particule de spin maximum 1 sont réelles et les grandeurs Д. 
A, E, H, ... des champs „maxwelliens“ et „поп maxwelliens^ sont aussi réelles. Nous 
esquissons aussi la théorie de l'interaction de ces particules avec une masse evanouis 
sante et les électrons dans les cadres de la premiére quantization. Pour l'énergie de 
leur interaction nous trouvons une expression ordinaire de la théorie semiclassique 
de radiation au lieu des expressions de de Broglie avec les champs complexes. 


1. Equation de Majorana 


Majorana (1937) a trouvé l'équation d'ondes d'une particule neutre de masse m: 


(f ава + fn) ро (1) 


71020, МОЕ сар ж К. 5 Y 0, a, 2 
Дый, (eu EA E Ce: pe 0 9) 


Lo i В, Ox Gy, с, sont les matrices de Pauli. Cette équation est satisfaite par la partie 
réelle et imaginaire de y séparément. Racah (1937) montra, que la supposition de 


(407) 
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l'identité de la particule et de l'antiparticule est équivalente à des fondations de la 
théorie de Majorana. 
Nous introduisons les matrices 


ya — B, yi ba; (2) 
у; sont réelles, y, imaginaire, y, hermitiennes, donc yo, y; Ma = ВУ; Va Упа = 


= iy;y,y, sont réelles, уд» Vig = Vy; Ya» Y 123 = 171 Уз Уз» Y1234 = Уз Уз Уз Va SONİ 
imaginaires. Nous pouvons alors écrire l'équation (1) sous la forme! 


e 9, + el p=0 (3) 


ou nous pouvons supposer que y est réel. 
Il est facile d'obtenir les expressions pour une onde plane dans la théorie de 
Majorana. Supposons que y = y, a la forme suivante 


р, = Re A, еї (4) 
oü 
1 , 
Юю = D. (py — Wt) w= (IV — pc)]mc?, (4) 
p est l'impulsion, W l'énergie de la particule, et introduisons (4) dans (1). Nous 
trouvons 
y, = Re Ae, y, = Re 4,69 y, = Re іш4,69 y, = — Ве iwA,e™. 


2. Fusion de deux particules de Majorana 


Nous construirons la fusion de deux particules de Majorana ayant les masses 
égaux à m/2 en utilisant la méthode de M. de Broglie sous une forme présentée dans 
le travail précédent (Sredniawa 1957, cité désormais comme A). Nous obtenons les 
équations 


(Г® 9, + m)y = 0 рош k = 1,2 (6) 
(voir À (9)), où | 
(Г » вуз = (Vey Oss (Го) до = ОЛЕ д», (6^) 


(voir A (6)), les y = Yag sont réels. 

Les équations tensorielles peuvent être trouvées utilisant la méthode de M. 
Petiau et M^"* Tonnelat, généralisée dans A. Pour yo Sy = y, léquations 
(A (14)) est satisfaite par 
ЫЫ ИН is mu ro ура той citra ud ұз ТАМЫ er жыды «^ NN. n 


1 h est la constante de Planck, divisée par 27; i, k, ... = 1,2,3, и, у, а, В, ... = 1, 2, 3, 4. 
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En (7) 
qui est imaginaire. 


En developpant py, suivant les unites hypercomplexes: 


15 
Mrz 2 Фа YA (8) 
A=0 


(voir À (16)) nous trouvons que les coefficients mis à y, réels sont imaginaires, ceux 
mis à уд imaginaires sont réels. Alors фо, @;, Pia: Фа sont imaginaires P4, Pips P193: 
P1934 sont réels. Tenant compte de A (19) et А (197 nous trouvons un résultat 
important, que toutes les grandeurs: /,, A, E, Н, I, satisfaisant aux équations A(18”) 
sont réelles. La fusion de deux particules de Majorana se diffère de la théorie de de 
Broglie, où la fusion de deux particules de Dirac a mené aux champs electro- 
magnétiques complexes. La fusion de deux particules de Majorana fournit les champs 
„maxwelliens“ et ,non-maxwelliens“ réels. 

La supposition, que les sont réels correspond à la condition 22 = ёз; de Laporte 
et Uhlenbeck (1934), qui écrivent les équations de Maxwell sous la forme spinorielle, 


en fixant la correspondance parmi les spineurs g;5, (x, В = 1,2) à deux indices et 
les grandeurs du champ électromagnetique. 


3. Relations entre фа et фар. 


Nous obtenons les relations entre 94 et pg enp osant g = y, et substituant 
A (19) et A (197 dans A (20) 
H, = а (Vai + Vas — Via — Yar) 
Н, = а (Vos + з + Yao + V13) 
Ha — Фа + Va + зз — Yaa) 
Е, = а (фи — Ves + {зз — Vai) 
Е, = а (— Фа + Ves + зә — Va) 
B, = (— Pas — Pas — Vis — Par) | 
A, = b (Via + Vas + зә + Уи) | 
À, = b (фуу + фз — Vss — Фи) (9) 
A, = b (— Ya + Vis — Ҹаз + Va) 
V = b (uy + Ver + зз + Yaa) 


1 
1 = 7 (Vu — әз + за — Фа) 


1 
l = 3 Un + Vis Фаз — Ya) 
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1 

EE 7 (Va — Vis — Vas — Var) 
1 

pee uo Фаз + Vis — Va) 
1 

ecc 4 (Via + Ves — зә — Фа) 


1 
Co cem Ysa + Vas + Via — Ул). 
ой a= Kmc/4h, b= К|4, 
ا‎ 2 Vm (voir de Broglie 1943, p. 109). 


L'inversion de ces formules nous donnerait facilement y,; comme fonctions de Л, 
A,... (alors les formules analogiques à des formules inverses de Géheniau). Ces 
forumles n'étant pas utilisées ici, nous ne les écrivons pas. 


4. Ondes planes 


En appliquant la theorie de la fusion aux ondes planes nous obtenons 


I 
EN 


Wap = R, eu Au Ақ іш Ау» — Ay 


A Auge о HA m 
iwAs, iwAg WAS WAN йз, of 
—iwAy —iw Ary мш? A, —и? А | Mixta 


ой Ду, 4 Аз, Ass sont les quatre constantes réelles arbitraires. 
Utilisant les formules (8) et (9) nous pouvons calculer les composites des 
Зара „тахугеШепз“ et „non BEE arse MET s ES 


aids We, а c 


TV AR 


LI 
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A, = — Re th (Ga + Ca) e'? 
hp 
V E д бе SSC t p 10 
Ке m (Cy, + Cog) € 
І| 55 6 == с = 0 
I, = — Re ih (С, — Co) её 
h ' е 
o, = — Re = (QE муы: 


JT M - 
бо = Re t. (Cy — Ca) Ze 


ой Gu, C12: Le, Cog sont les constantes arbitraires réelles. Pour т évanouissant nous 


avons les relations H, = I = o, = 0, = 0, E, = 0, H, = Е,, Н, = — E, 


En posant C4, = — Сә, Co = — Сі dans les formules (11) nous obtenons 
А, = V = E, = 0, c'est à dire une onde transversale pour les vecteurs Е, Н, A. 
5. Les grandeurs tensortelles 


Grace aux relations de réalité des fonctions pq nous obtenons de (8) et A (31) 


P = — Por Фе = Фо Pos = Pass Pour = Poor? Филь = — Poors 


et de A (32) et А (33) pour des grandeurs DZ 


D; = Dt = D} = Dz = D,=0 
1 1 іс 
Dj = po + % — 5 Poo 5 Фе + 54 Vere 
1 
Dj, = — 2 Po Pure + 3 Фи Prol (13) 
% š 1 
DS = |2 Po Pois = 2 Piu Ф»ов] 


1 
Ds = (- 2 Pa Pouve ЕР 9 Фо Para) 


d 1 
DS w rw KE? Piu Prea) 


et pour le tenseur de l'énergie- impulsion 
2 Te 1а 1 2 14 
М), = Sup =p — 2 % + > Vote сет + эд Pare ер ( ) 


EI 
+49, P= Ф, Pre — 5 Puce Pros 


£ 
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L'opérateur de la composante de spin suivant de l'axe z a la forme (voir de Broglie 


1943, p. 133) 


5 


1 T 
S, = < Ti + Га). (15) 
En appliquant les formules A (21), (6) et (2’) et calculant 5,0 nous trouvons que 
les composantes %1, Фи» Vans Yaa correspondent à 5, = h, Yaa, Vos» за, Yas à 


S, = — h; pour tous les autres y, la composante de spin suivant l'axe z est égale 


à nul (comp. de Broglie 1943, p. .133). 


6. Interaction entre les photons et les électrons 


Supposons que la masse de la particule de spin maximum | est évanouissante 


et identifions après de Broglie cette particule avec le photon. équation d'ondes 
de Dirac pour l'électron dans un champs électromagnétique a la forme 
le mc 
(ед) + v=o. (16) 


où y" sont les matrices de la théorie de l'électron de Dirac, À, les potentiels du champ 
électromagnétique, y = y (x, у, =, t). Nous prenons comme l'hamiltonien de l'in- 
teraction entre l'électron et le photon l'expression 


Hy = — ү yt Ay (17) 
Supposons aussi qu'en conséquence de l'interaction l'électron passe de l'état station- 
naire k a l'état stationnaire J, le photon passe de l'état m a l'état d'annihilation, que 
nous nommerons par 0. 
Prenons pour 4, une expression résultante de la théorie de fusion (A (29)) et 
désignons les АНЫ. d'ondes de l'électron par y? у, du photon par £ am, 
La matrice de perturbation devient alors 


Нет E we dV y® DEO Ts ro om 
H 


où, yp) ыш met, Ф = Pox Го re (voir À (11)). 


` En désignant y? Ф) par у” nous obtenons la matrice de perturbation 


Hü = — 57, | dV im y^ (' + г?) ,%, d 
= 


Considerons mainenant l'interaction entre une onde électromagnétique trans- 


m ° +, 
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versale, rectilignemment polarisée et l'électron. Pour une telle onde nous pouvons 
écrire aprés les considérations du 84: 


1 А 
An = — Ма, (eism, + elta) 


2 
F= 


où N,, est un facteur de normalisation, а, un vecteur unité réel, perpendiculaire à Е. 
En écrivant la fonction d'onde de l'électron en état Í sous la forme 


y? = uw (x, y, 2) e РИ 
nous obtenons de (18) 


ә e N. í ; 
Lio ta = от 3 dV и®* a, ` а UO {ei Km? Smt + 2p) ет" -от+Яы0} (19) 


où « est le triple de matrices de Dirac et 
1 
£y = 7 Wı— Ра) 


Nous avons ainsi trouvé la formule de la théorie ordinaire des perturbations, 
qui diffère de la formule de de Broglie (1942, p. 76, formula (40)), qui ne contient 
que le premier terme de la formule (19). Il n'y a pas besoin de faire le passage 
qui y était performé du ,champ électromagnetique microscopique“ complexe 
au champ „macroscopique“ réel. 

. Dans le paragraphe 2 nous avons vu, que la partie „maxwellienne“ du champ 
de la particule, qui est composée par la fusion de deux particules de Majorana de 
masses évanouissantes, est trés proche des équations de Maxwell du champ électro- 
magnetique. Au contraire de la fusion des particules de Dirac résulte un champ 
complexe, dont la partie ,maxwellienne^ différe principalement (méme pour la 
masse évanouissante) du réel champ électromagnétique et on doit faire un raison- 
nement supplémentaire pour obtenir un champ réel. L'application de notre modifi- 
cation de la théorie de fusion à la semiclassique théorie du rayonnement a donné 
practiquement dans ce paragraphe les mémes résultats que la Е quantique 
ordinaire. 

Du reste, les deux théories, ce qu’on rémarquait souvent concernant la théorie 
de M. de Broglie, sont essentiellement des théories mésiques, parce qu’on doit 
accepter comme point de départ les particules de masses non-nulles. Pourtant, 
quand la masse tend à zéro, la théorie ici présentée conduit à une accordance beaucoup 
plus proche à la théorie ordinaire du champ électromagnétique. 

Je remercie M. le Professeur Jan Weyssenhoff, qui a attiré mon attention sur 
ce problème, pour les discussions valuables et M. le Professeur icr Rayski pour 


ses remarques intéressantes. 
f 


AA В оса 


КРАТКОЕ СОДЕРЖАНИЕ 
Б. Среднава, Теория фузии двух частиц Маиораны 


В этой работе применено теорию Де Бриоля в форме релятивически инва- 
риантной (Среднява 1957) для случая двух частиц Маиорана. Получено веще- 
ственные волновые функции частиц о максимальном спине 1, а также веществен- 
ные I, A, E, Н... „максвелловских” и „немаксвелловских” полей. Для энергии 
взаимодействия этиҳ частиц о изчезающей массе с электронами, получено обык- 
новенное выражение полуклассической теории излучения вместо выражения Де 
Бриоля с комплексными полями. 
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УПОРЯДОЧЕНИЕ ТРОЙНЫХ СПЛАВОВ, КАК 
КООПЕРАТИВНОЕ ЯВЛЕНИЕ* 


О. Мдивани 


(Поступила в редакцию-13 мая 1957) 


1. Функция распределения для тройных сплавов 


Рассмотрим тройной сплав. Пусть. М полное число атомов в решетке, 
а N; среднее число атомов 1-го сорта (i — I. 2, 3). и; — химический потенциал 
атомов 1-го сорта. Тогда функция распределения системы имеет вид [1]: 


24 > >> ехр [E [Els ui ps 2 (m + По + Ha = N) (1.1) 


ny m 


кт 


где n; — число атомов ?-го сорта, m — исчисляет состояния системы с фикси- 

рованными n,, а E, — полная энергия системы B т-ом состоянии. 
Попробуем свести (1.1) к функции распределения изинговского типа. 

С этой целью допустим, что каждый спин 0," может принимать три значения: 


= 1; а, р 


Тогда легко видеть, что 


М 
n, = TS 3 {ap — (« + В) oj = oi) 
i=l 


N 
1 3 2 
`. T (1-о) (B— x) i=l E А à Ë a = p 


is | 
1 a 
"а = @—8) Qp) + {a — (+) бі 55 ai} 


* Перевод грузинского языка і 
1 Термин „спин“ является формальным обозначением и используется для описания 


внутренней конфигурации каждого узла. 
| (415) 
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Здесь a == В, а=1, В + 1. В противном случае расчеты невозможно про- 
водить. В результате простых расчетов получается, что 


m 


TR Š 5 aiv (G; 0) (1.3) 
Gë 
e (0:0) = À + B ojo; + C (a; + o) + D (o? + oP) + E of aj + F (oi + б) 0:9), 
A= 2 {aè (n — D Va + PO Ba + 0° (1 а Va + 
+2026 (1 — а) (к — B) Vag — 2a B° (0 B) (1 — P) Via — 22 B (1 — о) (1— ВИ} 
B = {aD + p Va а E + BP Va + (1 — 9* а) а 
— 2 (e — £9 (1 В, +2 (2 — ВЗ) (1 — а) Fis — 2 (1 — a?) (1 — №) Voy, 
C= = {— ap (a B — D Tu ME 


— «(1 + a) (1 — о)? Из +B (z В) (1 — В) [« (x + 8) + (. + 8)] Vig — 
— а (1-- e) (z —.8) Kat HEUER] а чае 
+ B + 2] Ves}, 


= = {af a — P}? Va B0 — 6) Visa qst ups 


— B. +) (1 — p) (« — B) Vig +a (1 +B) (1 — a) (x — B) Vis — 
— (« + B) (1 — «) (1 — 8) Va), 


E= T(G — p? Vu pia Q = NE m 
+2 (1 le — 0 Va —2( — 0) (1 — б) Уш), 
F= ;C (x +B) («— B* V — 0 +B) (1 — B* Vag — (1 + a) (1 — + 


+ (z — B) (1 — 8) (z + 28 + 1) V — (1 — а) (x — В) 2« + B + 1) Vy + 
+ (1 — a) (1 ¬ b) (z + B +2) Vas}, 


l,ecmiuj ближайшие сьседи 
EE (4) 


a Vi = V; суть знергия пары ближайших соседних атомов (ij) (здесь при- ` | 


re T. H. приближение Bero). 


B ADR. ^4 
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Рассмотрим конкретные значения а и В. Интересны следующие две 

1 1 
конфигурации: о; = 1,0, — 1и o, = 1, — Opes Второй случай был pac- 
смотрен Поттсом [2]. Не он непригоден для рассмотрения вопроса упорядо- 
чения тройных сплавов (а = В). Вследствие этого мы рассмотрим триплет: 


а; = 1, 0. — 1 
Torga, как легко видеть 
A N S 1 3 x 
Za = exp LT П 2 exp к У що + ud (oi + о) + 
dde no) i,j=1 i=l 
N N 


N 
1 il 
+9 N (o? +.07) + Ф PE of оў + т 2 95 (о; + оў) о; s) (1.5) 
ї=1 1 M 


y= i= 


где 


y, š | 
a PERTE arci gs — 13) 


Mas. 


[| 
us ` ЕТ = ә (2 (ua — иу) +з}, 
1 
qi kT = 9 tun — Zus + из) — с (Viz SS Veg 20) 5 
i | В 
о. == Vas +2 Vis) + 4 (Vg — Vig — 23)) 9з ЕТ 


ие Тш (1.6) 


N 

CL C= > d; суть конфигурационное число рашетки. Как видим, вообще, 
ігі 

функция распределения тройного сплава не сводится к функции распределения 

Изинга. Это усложняет математическое рассмотрение проблемы. Эта трудность 


не имеет места лишь в случае линейной цепочки. 
2. Линейная цепочка 
В случае линейной цепочки: 


N 
Za = II Pie, 0544) | (2.1) 


бұ--1,0,-1 oy=10,-1 j=1 
где 


Я К > 
P (oj, 0;+1) = exp к о) 0j44 + HH (оу + ojt) + Фи (оў + оў) + 


+ = 0j 0541 + > (o; + 0541) 0; oul (2.2) 
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(мы здесь решетку превратили в цепочку, т.е. №-ый атом связали C первым). 
Введем матрицу P с элементами (2.2). Она имеет вид: 


A4 BC 
P=IB L D (2.3) 
CEDERE 
где: 
К - 9» E 
А = exp e + 2u X + 29, + 5 | н) В = exp {ий + pı} 
К қ 
c= e | К +29, +% D = exp (— и# + pi}. 
K y 2 D 
E = exp E — 2ust + 29, + = = | (2.4) 
Легко видеть, что 
Zn (2.5) 
J 


где À; собственные значения матрицы P (доказательство аналогично при- 
веденному в $ 4). Собственные значения находятся из секулярного уравнения: 


|P—Ae| = 0 (2.6) 
где e единичная матрица. Отсюда получится уравнение: 


х? + px + q = 0 (2 7) 


где 


_ 8b.— а? _ 21e-- Зав —2a* 
UNE ant 27 


a=1+A+E b= А-ҒЕ--АЕ-В3-С%-П% c= AD?+EB?+C?—2BCD (2.8) 


¿= += 


В случае равнокомпонентных сплавов, как легко видеть: 
usb == 0 qu 0 
Для простоты рассмотрим высоко-температурное приближение. Тогда: 
3 2 i 
сол Am DR D 
q А 


Вследствие этого у (2.7) имеется единственный вещественный и положитель- 
‚ ный корень, который дает функцию распределения. Окончательно получаем: 


Za = (0.5)N {o—0,1 K--1g, + 9,)N (2.9) 
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3. Следствия матричной теории в трехмерном случае 


Рассмотрим равнокомпонентный тройной сплав ABC имеющий простую 
кубическую. структуру. Пусть L, М и М длина, ширина и высота кристалла 
в единицах параметра решетки. Тогда кристалл можно представить как 
совокупность N слоев, в каждом из которых находится L . М атомов. Каждому 
слою соответствует ЭМ отличимых конфигураций, т. к. в каждом из L.M 
узлов может находиться À, В или С атом. Обозначим типичную конфигу- 
рацию J-ro слоя через re, Пусть u(v;) полная потенциальная энергия взаимо- 
действия ближайших атомов в ]-ом слое, когда эти атомы находятся в 2;-Ой 
конфигурации. u(v;,v;,,) суть полная энергия взаимодействия атомов /-го 
слоя (в 2;-ой roro) c ux ближайшими шшщ атомами B j + 1 — om 
слое (B »;,,-oàt конфигурации). 

Наложим на кристалл граничное условие периодичности, что первый 
слой взаимодействует с №-ым?. Тогда функция распределения для кристалла 
принимает вид: 


ууу Leen Lëns (3.1) 
т N j=1 ЕТ 
где 
V (vi vu) = E u (vj) + E и (via) + и (0 vj) (3.2) 
E А 
умыту 
Вводя 
P (v, v’) = exp 5 _ (3.3) 
мы определяем симметричную матрицу P SI порядка с (3.3) элементами. 


Пусть A, собственные значения этой матрицы, а Q; — собственные векторы 
Mel, 2, ....32М). В случае решения проблемы собственных: значений 


Ро-2% (3.4) 


Можно будет дать ответ на все вопросы статистического и термодинамического 
характера. Это видно из следуюшего рассуждения. 

У собственных векторов Pz имеется 3 M составляющих da A C помощью 
À, и palv). (3.3) запишется в виде 


3LM 
P(v,v)— X Ag Pe (») و‎ 0) (3.5) 
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с тем условием, что: 


> Pol?) Ps (v) = Ors (3.6) 
» 
Тогда, подставляя (3.5) B (3.1) и применяя (3.6), получаем 
3LM 
Zi yy b (3.7) 


т.е. получаем Z, а отсюда и вычисление термодинамических величин сводится 
к решению проблемы собственных значений (3.4)3. 

Так как в случае реальных кридталлов число слоев N очень большое, 
то можно ограничиться вычислением A,,,, и рассмотрением соответствующих 
ему собственных векторов. Если Au 4-раз вырождено, то 


Z=d: GE 2 (3.8) 


4. Дальний порядок и вырождение Аах 


Предположим, что в АВС сплаве имеет место порядок на дальних рассто- 
яниях и кроме того известно, что атомы первого слоя находятся в заданной 71, 
конфигурации. Тогда вероятность нахождения атомов п-ого слоя (который 
достаточно удален от первого) в vp OÑ конфигурации будет зависеть OT vı. 
Аналогично работе [3] легко видеть, что если A pax невырождено, то дальнего 
порядка не будет. 

Вероятность W (vi »,) одновременно найти первый слой в и, a п-ый 
B y, конфигурациях, равна 


max 


ЗЕМ ЗЕМ 


М M ACA UM фр (v4) p (Vn) Pe On) Pr (v). (4.1) 


s=1 r=1 


l 
3A 


W (уі уһ) = 


Для рассмотрения дальнего порядка n и N-n должны быть достаточно боль- 
шими (последнее условие есть следствие граничного условия). Это дает 
возможность отбросить все собственные значения, кроме Aux. Если Anax 
невырождено, TO 


IF’ (v, Vn) = Pmax (Va) ° Pax (Yn) (4.2) 
или 


ІР (v, vy) = W (v) ` W (vy) (4.3) 


Все элементы матрицы P положительны и остаются таковыми до тех пор, 

пока L и М конечны. Поэтому в кристалле, в котором М > Г, М, А265 намного 

превышает №-ую степень всех других собственных значений“. Вследствие 
™, 


3 В случае бинарних сплавов смотри [3]. 
* В согласии с теоремой Фробениуса. 


ay 


———— rm 
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этого не будет и дальнего порядка. С другой стороны, если хотя-бы одна из 
L или М, очень велико и порядка М, тогда могут иметься такие матричные 
элементы, которые достаточно близки к нулю, так что они практически 
осуществляют вырождение Aa. Если Amay 4-раз вырождено, то 


а а 
7 1 | : 
vos d № 3) Pmax,s (V1) Pmax,s (Уя) Фтах,: (Yn) ` Pmax,t (91). (4.4) 


В этом случае может существовать дальний порядок, т.к. теперь W (4, у) 
не является произведением двух множителей. 

Наконец, надо отметить, что в настоящее время не удается получить 
более конкретных результатов с помощью матричной теории насчет тройных 
сплавов. Это является следствием того, что: а) функцию распределения 
нельзя непосредственно свести к функции распределения Изинга, 6) каждому 
узлу соответствует три, а не две, конфигурации, из-за чего непригоден тот 
математический аппарат, который сыграл такую болыпую роль при изучении 
упорядочения бинарных сплавов. 
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SUMMARY 


O. Mdivani, The organization of triple alloys as cooperative phenomenon 


It is first shown that the partition function of a triple alloy can be reduced to an Ising partition 
function only in the case of a linear lattice. This case is briefly considered in $2. In $83 and 4 some 
simple conclusions about triple alloys in the three-dimensional case are drawn by the matrix method 
under the assumption of a long-range order, but it is pointed out that it is impossible at present to ob- 
tain more definite results as (i) the partition function cannot be directly reduced to the Ising type and (ii) 
to each lattice point there correspond three and not two configurations. Thus, the mathematical appa- 
ratus which played such a prominent role in the study of the organization of binary alloys cannot be 


used. 
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LAGRANGE FUNCTION FOR THE MOTION OF CHARGED 
PARTICLES IN GENERAL RELATIVITY THEORY. II. 


By STANISEAW BAZANSKI 


Institute of Physics, Polish Academy of Sciences, Warsaw 


(Received May 17, 1957) 


The Lagrange function is given for non-Newtonian equations of motion of charged 
particles in general relativity theory. 


Recently, non-Newtonian equations of motion for charged particles also interac- 
ting with gravitational forces were derived by the author of the present paper (Bazan- 
ski 1956)! from the field equations of general relativity theory. 

In the present paper it is shown that these equations can also be obtained from 
a suitably formulated principle of least action. The Lagrangian appearing in this 
principle was constructed by means of a method published recently by Infeld (1957). 


1. General formulation of the problem. 


In I. we started from the system of field equations 


н4- > g^ R = — 8 z x (M + p) 


p = Ag 1° 
fag = Aap — Aga (1.1) 


where М“ is the density of the energy-momentum tensor of matter and E? is the 
density of the energy-momentum tensor of the electromagnetic field; the remaining 


notation is obvious. ¿ 
А condition for the integrability of the above field equations are, by the Bianchi 


identity, the equations 


(ar? + E*),g = 0 


1 Hereafter this paper will be referred to as I. 


(423) 
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from which the equations of motion (e. g. for the first particle) may be obtained: 


ji (м в + Е) dem = J (м4, + f°, I^) das = 0 
1 


i 
Q о 
ог 
а H a 
[er + M°, + ү | M” + f", 1) dx = 0 (1.2) 
1 
Q 
We now assume that the ó-functions appearing in 
1 zer: О? 
К? == qp (00e cu сей (0) ем 77 © = — (1.8) 
and in 
CH ч 2 2 
I$ = @ біз) Ё" == € бз) n" (1.4) 


(the dot denotes here differentiation with respect to time) are the ó functions intro- 
duced by Infeld and Plebañski (see Infeld and Plebanski 1956 and 1957. and Infeld 
1957). This makes it possible to avoid renormalization. 

Inserting (1.3) and (1.4) into (1.2), we obtain? 


d» Awy Ke Co Kit ә: 
ess а} _ N TTE; а E 
ernst еј 0 (1.5) 
or 
ds SES 1 
m 0 NE РЗ 
паи (| Bo pedes (1.6) 
22 185 ا‎ E UM 
a (m 85 Tm uv ён zr dE. А, & = (1.7) 
Roman indices = 1, 2, 3; Greek indices = 0, 1, 2, 3). 1 


Equation (1.6) is а linear differential equation of the first order in mass m. 
It is readily shown that its solution has the form 


1 1 1 = Р s E cr in ails 
m (t) = [ro [Arm f | га) a | е (ЕЛ Б гаја 
a 0 0 ka 0 у 


2 By the tilde " ~ over the function ф(х) we understand 


Ф) = |, 9 (x) Ara (x — Ë) dy x 


1 
о 


Since we use here the ö-Infeld-Plebanski then же), is always finite. 
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1 1 
where ту = m(0). Inserting (1.8) into (1.7) we obtain 


B МЕ оет е0 ao 


DÉI uv 
where 
1 м .. 
л ee | [lez ar] 
e H js 
Е ы с у и 
m (t) 1 1 GK 0 T 
Mo - ef af, é"exp HIS é" & dt 
0 0 


2 
Similarly, we could obtain equations in m (t) and 27. 


If equation (1.9) is now "expanded" by means of the Einstein-Infeld-Hoffmann 
approximation method, then in the fourth order of the approximation the non-New- 
tonian equations of motion given in I are obtained. By the term "expand" is unders- 
tood here the following procedure: A solution of the field equations (1.1) is found 
in the lowest (second) order of the approximation (in this order of approximation 
equations (l.l) are satisfied by any arbitrary motion) and is inserted into (1.8) 
and (1.9). Equations (1.9) then pass into the Newtonian equations of motion 
of the first particle and equation (1.8) defines the non-Newtonian mass of this 
particle. Knowing this mass and the Newtonian motion, we can find the corrections 
of the third and fourth orders for the solutions of the field equations. Putting cor- 
rected solutions of the field equations into equations (1.9), we obtain the non-New- 
tonian equations of motion of the first particle. | 

Such a procedure, in principle, was followed in I. We shall now. proceed in 
another manner. Let us consider equations (1.5) and multiply them by gag ЕВ. Making 
use of the fact that in our case? 


~w 


х ر ر‎ l ~ — и — 
= g” [u v, o] = > 8% (Bu + Erou — 8а) 
uv 9 
and that 
2" Bap = 6% 
we obtain 


1 


u 1 НАР ПШ ы ко 
Bop PE + gs РР + p ER ËP = 0. 
т, 


= 
3 This transition is correct at least to the fourth order of approximation. For 848 characterizing 
the gravitational field alone it was justified in a paper by Infeld (1957). Similarly, it may be justified in 
case Bap is a solution of equations (1.1). 
£ 
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Since (see Infeld 1957) 


then 


1 
2 


UE 
; (бы E Ë) + + S (Gus = 0 


m 


& a 


or 


=L 
2. 


d 1 d X oes 
Se = --- У а £B 
2 (og m) = Flog (бы & ê 
From this we have 


1 


i-o NG W ZC 
m = mo (Ei 68) = то (1.10) 


SAS, 


where 


1 
m, = a constant of integration, 


ds? = gg d Er d EP 


We therefore see that in the case where an electromagnetic field is also present, 


the same relation between the mass of the particle and the invariant ds corresponding 
to it is valid as in the case of a gravitational field alone (this is obviously closely con- 


nected with fe being an antisymmetric tensor). The inclusion of the electromagnetic 
field is expressed in the fact that g,, appearing in (1.10) is now a solution of the 
entire system (1.1). - 

Instead of considering the system of four equations (1.5), we shall, from now 


on, consider the three equations obtained by multiplying (1.5) by "E 


T 1 !—. . TN 
À (Ga À) + Zak es 2 т, Suv,k En {Р + e fru ER = 0 (1.11) 
1 
and the equation (1.10). By means of equation (1.10) we can eliminate the mass m 


"аға die бала 
me (Ea Eo) ет SA ғ = Hear — то me eT 


ds 2 


T e 8 Е = 
+ e (Aim — Ams) En + e (Ао — Ао) = 0. | (12) 


e mg e — 9 
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If we impose certain supplementary conditions on the functions бар and À, 
then equations (1.12) can be obtained from a variational principle with the Lagrangian 


x IN. 1 
TE = mo dt = е SP (3 
а И Кт П ДИ ' 
m (gu Ё" 20) le A, $; 49-1. (1.13) 


Introducing a variation of the integral [Г dt with respect to 27, we obtain the 
following Euler-Lagrange equations 


ANGLE da сы аа. LG Dai. dt 
т —— £2) т scc s uu ЖЕН су — = 
E NA T prem (=) Dale MER 
Lm жеу с loc РЕ: 

а Em Le (Ano — Aok) + 

1 u ~ 

mo G10 Sas di а {0 Aq à | 

em me 149 id eum = : le . 
АЕ 0. (1.14) 


lt is seen that equations (1.12) and (1.14) are equivalent if the functions g,, 
and A, satisfy the following conditions: 
— ~ — 


Euv,k = Euv,k ; A яе == A, 


AE E (1.15) 
9 ёк ЕН, 


These equations are therefore supplementary conditions that the variational prin- 
ciple with the Lagrangian (1.13) lead to the correct equations of motion. As we know 
(see Infeld 1957), the first pair of equations (1.15) signifies that the non-singular 
part бр does not depend explicitly оп £*, and the non-singular part A, does not 
depend explicitly on ER, and £9 = ct. 


2. Lagrangian for non-Newtonian equations of motion 


Using the Einstein-Infeld-Hoffmann approximation method, we can expand 
the Lagrangian (1.13) into a power series with respect to 1/с: 


рз НА. 
4 6 


Since we know the fields g,, and А, in the Newtonian and non-Newtonian orders of 
approximation, we can readily calculate |f? and £, and check whether conditions 
| 4 6 
(1.15) are fulfilled in these approximations. 
; 
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To calculate f it is sufficient to know 
4 


1 2 

2хт хт, 

ho Sg ere 
E 2 
r r 


and 


iia. 35; 
we use here the notation introduced in I, except that Т = то (5-1; 2) is now 


denoted simply yta m. It may be readily shown that the above field functions satisfy 
conditions (1.15). We ВА have 


uu 2 12 
+ = а(1- E + Ê) +% = 
~ 12 
асва) ب‎ 
x. ip 7 


From this we have 


£ £ | 
о 
SE dt Oe d 
| ri SE 
SSES Leet, EN m^ 
= m Ëm x mm Ei + ее я =0. ` Oe 2 L) 
, T Лат Ur e Ё ФОН Se 


| ` In order to calculate „Ё we must know m; hpn 3 homi б; А” and 49, On t 
№. of (1. 10) we have ` cielo р vt Velas ao $a 2m 9842542 giorni md ndi ë 

ar қ khaya DCE | лд»! Aa 4 Sé que DATE l> ‚чу нін es т. : 
AM а es KE И Am Zë mag Y yt rii AOR sm , ез Së 


«ЖҰЗ 
pet 


і 
/ 
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Des 


1 2 
Ахт; | Ахт. 
hom = 1 gm | 2 T] E 
r r 
2 2 2 
SHEI zen 22 
hoo ~ 2 x? m? ë cke 7 — mr — 3 Tg ns + 
4 
r Т r 
1 2 12 
mm ee 
+2 x? — — 2 x — 
2 
rr TT 
2 2 2 142121 
2 
е ет ет—ет 
° 
SG "indo BE ao EN ==. (2.2) 
т? ET 


Ву means of the symbol — we denote that only the expressions giving contributions 


od 
to hogs À 00% À, and А have been given. 
4 4 


We see that 00 ER nor gh appears in the non-singular parts of the expressions 


Amn» A" and hom; these expressions therefore satisfy conditions (1.15). 
i3 3 
We have a more complicated situation in the case of hg, and 4°. In these expres- 


2 аа 4 
sions there appear terms proportional to 7,99 and to (r r) 1, which do not satisfy condi- 
tions (1.15). 
Indeed, the third term in ho оо can be Tode as follows: 


2-2 2 2 
— x m r, = — х m (r,,s 1), 

2 2 ы 2 2 
= — И moras] H — x m mos. (2.3) 


The first term appearing on the right side of the above formula satisfies condi- 
125 1 


Поп (1-15), while the second does not satisfy this condition since т 1° = — m & 
(in the Newtonian approximation) we have 


df Са 172224 1 122 1 
& = — g m Г, N = КТ т г | — —xeergl—] . (2.4) 
Wë Г | 25 


From this we obtain 


EE ouf) +o (2.5) 
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The last two expressions in Ag present a similar situation: 
4 


ñ 12 
uo апат аға (2.6) 
ГТ D 
We have here 
В, = 2 В, (2.7) 
In the sixth order of the, approximation of the equations of motion not Ж 


4 
but only Tm enters (this results e. g. from formula (1.12)); that is why we can 
4 


introduce here, following Infeld (1957), an auxiliary field hes such that 
4 
Мон = loom 
4 
From (2.3) — (2.7) it follows that he will have the following form: 
4 


2 

SCH ра о US Se 
Ax = 2 x? сай ; Бела ss 
Zo х ” (4) ке (2) Зи SCH 


^ 1 2 1 2 

Ste УЗ m m ee 

ze 2 — асы == 
Kruse MONT Сый тат Ив. (2.8) 


For these reasons alone, in place of 40 we can introduce 


4 
1 E 22 122 1 2 
~ 3r em 1 em-—em 
a — 9 CT ser ИР GN Kee Lig tic а ар (2.9) 


satisfying the equality 


49% ЖЕ A9 
= И ^m 


4 4 


The introduction of the functions hj) and 4° ensures that in the non-Newto- 

4 4 | 

шап approximation conditions (1.15) are satisfied, and this means that the equations 

of motion can be obtained in this approximation from an action principle with the 
Lagrangian 


MEL pus Ce қ 
IES = ii (Bas s ay её; 59-і. 


In the above formula only Bo == Em and AS == 4%, where , 
EN = 1 + hoo + hamo 
2 4 


ATS CEP 
2 4 
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Hence 


= zu 1 = = B. 0 Жала c E: P Ж 
LF E n n BE + hy 42 he, à 
2 4 2 3 
1 PT 50 Nis en: Ec 
- e (A? + ho Ao 40% — AF ER. 
2 2 2 4 3 


The expression under the square root can be expanded according to the following 
scheme: 


1 
+p +p 9143 ARTE, v 
As a result we obtain 
2 2 2 
pue en Ten т) 4 = ёр — 
4 6 r 2 r n 
m(m+m) 103 Np 
E e—e 
= ea а SAM ee TI I + хе = 
2 2 22 2 12 2 1 2 
e em e з а 1 ет--ет а 59 
I es Ar. SEL eg SE ER Ру |) 
Se x 72 + > ви m der 72 Р é ol (2.10) 


The Lagrangian which we have found gives us the equations of motion of the 
first particle. Once we have this Lagrangian we can readily give the Lagrangian En 


for two particles. The Lagrangian .£** must lead to the same equations of motion 
p grang q 


for the first particle as the ш (2.10) and must pass over in itself 
2 2 
with a change from variables A £ to m, e, and vice versa. 


It is obvious that the addition to (2.10) of the terms 
lg co Jii aos 
mon Ur ҘЫ (2.11) 
2 8 E 
does not affect the equations of motion of the first particle. In addition it may be 
shown (similarly as in the work of Infeld — 1957) that the expression 
WES SEI | 
—– у тт е T Т a ee T, ange N° m” = (2.12) 
gives the same contribution to the equations of motion as the expression 


EN SS атка 


1 
э mm teg в т — 2 €€ ner En 7 (2.13) 
` 
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If, therefore, we add to the Lagrangian (2.10) expression (2.11) and if in place 
of expression (2.12), we put expression (2.13) into (2.10), then we obtain the La- 
grangian for two particles: 


1 2 172 
£" + fe mb пр — x — (Ë Ë + T т) + 
13 
pan P bs E m (È درغ‎ — + m (0 + 
124% аға 
4È a EZ тии + 
арома ^ Clima сй с, TT 
у неба mkv ER UE custo NE (2.14) 


The above Lagrangian differs from the Lagrangian for two electrically uncharged 
particles by the terms on the last line. (Here the three last terms are known from 
the special theory of relativity). However, the first group of terms in (2.14) also pro- | 
vide the equations of motion with the electromagnetic terms. It follows from this 


that in the Euler-Lagrange equations, with £** = Sr re г 
А - 4 8 


Рес qe 4 | 2.18) 
Ot di Oem 


the Newtonian equations of motion (2. 1) коше the Coulomb force should e 


taken e? account (in — of ba type NES miii etc.). EXE уч 


42. Ё 


It is readily shown that equations (2.15), after ees (2. H into account, lead / 
to the equations of motion derived in I: 


= > yes Жұ P3 $ Т HEHE UMS t Д: > 
ІЗ оса 3$ Es T о e = E 
mé"—xmmi(—] -eel—] — Fa — Fo — Бер = 0, 4 
by; | Peck ue лла GEES, R 


Fes and Fe, 


rae hr еро 4 
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ON INVERSIONS OF SPACE AND TIME 


J. RZEWUSKI 
Joint Institute for Nuclear Research, Dubna, USSR* 
( Received June 8, 1957) 


In this paper the transformation properties of spinors and pseudospinors with 
respect to inversions of space and time are investigated in some detail. In particular the 
various possible two-component theories are investigated. A purely geometrical approach 
to the theorem of Lüders and Pauli is pointed out. 


1. Introduction 


Inversions of space and time have gained particular importance at the time 
when non-conservation of parity became an experimentally established fact. A great 
number of papers is devoted to this subject, nevertheless it seems to me worth while 
to discuss it once more from a somewhat different point of view to that usually assu- 
med, namely from a purely geometrical one. 

To my knowledge most of the work done recently on space time inversions 
starts with either the field etquations or Heisenberg equations of motion (in Heisen- 
berg picture) or with Schródinger equations (in Schródinger picture) and derives 
the various properties of spinors and tensors from these equations. Thus a dynamical 
point of view is assumed to derive kinematical properties of the fields. 

In this paper we shall assume as the basis for our considerations the connection 
between spinors and tensors and derive the consequences of this connection. The 
various possible field equations may be regarded as one of the consequences. It turns 
out that some known results of apparently profound physical meaning become trivial 
from the point of view of geometry. Some other results may be better understood 
being simply related to the group properties of spinors. One obtains a review of 
equations corresponding to first rank spinors (spin l|). in particular of the two- 
-component equations. 

"m educa Са Тый. COS "Т УЖЕ ОНР EE 
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2. The connection of spinors and tensors 


Spinors are usually defined by their transformation properties 


сү = acı + fe; 
; ад — Ву = 1 (2.1) 
со = усу + дф By 
One may introduce also a dual spinor space 
а = ә?а T ж gm] (2.2) 


e$ = y*ci + "cy 
The transformation coefficients in this dual space are complex conjugate to those 
of the original space. 
The two spaces may be regarded as independent. One may, however, introduce 
a connection between the dotted and the undotted quantities. The most general 
connection, consistent with the transformation properties (2.1—2), is of the form 


с; = хс, (x = 1,2) (2.3) 


where x is an arbitrary complex number (scalar). 
The connection with tensors is obtained by the intermediary of second rank 
spinors c,5 and first rank tensors x, (и = 1, 2, 3, 4; x, = ixo) 
сүү = Хз — № Ci = X, — із (2.4) 
Сд = м + ixa С = — Xs — Xo 
Another kind of spinors may be introduced, possessing the same transforma- 
tion properties (2.1—2) and connected with pseudovectors y, = 4, (the bracket 
denoting antisymmetrization with respect to all three indices) 
dy = Уз— Уо di = Yi — a 
dà = Xi а di = — Ys — Уо 
We shall call the quantities d,; pseudospinors. 
Relations (2.4—5) are the basis for the determination of the ntes 
properties of spinors and pseudospinors with respect to inversions.* 


(2.5) 


3. Inversions of space and time 


For an inversion [+ of all three space components we have 


Iz: Xi = --- X; Xo = Xo (i = J: S 8) (3.1) 
улгу; Yo = — o (3.2) 
For time inversion we have 
Ë x т х; хо = — № Ge 1, 23) (3.3) 
Ji ny Ay E NO (3.4) 


* There are two other kinds of spinors, Борик with vectovs pessessing mixed transfor- 
mation properties. 
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=] 


The corresponding transformation properties of the spinors сор are 


, , 
Ты. ei = Со руа ==; (3.5) 
v ` D — D 62 . 2, 
SIEH 
j. = — 6 аз = с | 
LER NEL C v (3.6) 
21 651 Соо C 


It is easily seen from (3.1—4) that the pseudospinors da transform with respect to 
I according to the formulae (3.6) and with respect to J, according to the formulae (8.5). 
The corresponding most general transformations of first rank pseudospinors are 


, , 
TOU E 37 
VOLES LH Pre -1 (3.7) 
1,7 2 C) 
, H 
t° Y -1 4 =) ( 8) 
Cj SEG се CS a сү 


where a is an arbitrary complex number. 

For pseudospinors, the rêles of I, and I; are again interchanged. 

So far we have considered the two dual spaces c, and с; as independent. Inver- 
sions of space and time interchange the dotted and the undotted quantities. These 
inversions are thus represented by linear transformations of the four-component 
quantities (bispinors) с„ c; or d,, d; respectively. 

The question arises whether it is possible to obtain a representation of inver- 
sions by means of two-component spinors. For this purpose it is necessary to intro- 
duce some relations between the components of the bispinor c,, c;. We have already 
stated that the only relation consistent with the transformation properties of spinors 
is relation (2.3) 
бу хс, (3.9) 


For pseudospinors we may put analogously 
d; id (3.10) 


These relations are of course independent of the particular frame of reference due 
to the scalar character of the coefficient x. 

Introducing (3.9) into (3.7) we get a set of four transformation equations for 
only two components c,. The consistency of these equations demands 


la? |x|? = 1. (3.11) 


'This condition may always be satisfied by a proper choice of one of the constants. 
Introducing (3.9) into (3.8) we get another set of four transformation equations 
for the two components of c, The consistency of these equations demands 


Jal? |]? = — 1, (3.12) 


an equation which can never be satisfied. 
In other words we;obtain the result that inversions of space! can be represented 
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by transformations of two-component spinors whereas inversions of time cannot. 
It may be emphasised, however, that the representation is not linear, since it trans- 
forms the original quantities into their complex conjugates. 

Due to the fact that the pseudospinors transform with respect to T, like spinors 
with respect to [+ and vice versa, we obtain immediately the result that inversions of 
time can be represented by (non-linear) transformations of two-component pseudo- 
spinors whereas inversions of space cannot. 

The two-component theory of spinors (3.9) is exactly the theory of Majorana 
(1937) (cf. also Section 4). In this theory the notion of time inversions does not exist?. 

The two-component theory of pseudospinors (3.10) was to my knowledge not 
yet discussed. In this theory there does not exist the notion of space inversions. 
Both theories may be used to describe processes which do not conserve parity (cf. 
Sections 4 and 5). 

Another way to obtain a two-component theory of spinors was proposed inde- 
pendently by many authors (Lee and Yang 1957, Salam 1957, Landau 1957). It con- 
sists in neglecting either the dotted or the undotted quantities altogether (this may be 
formally achieved by putting the x of equations (3.9) and (3.10) equal to zero or to 2). 
In the frame-work of such a theory there is no place for inversions of space as well 
as of time (cf. conditions (3.11—12), cf. also Section 5). We may consider here only 
rotations of the four-dimensional manifold. 


4. Invariant equations 


To write the various types of invariant equations it is convenient to introduce 
spinors and pseudospinors with upper indices according to the rule 


1 2 
Ca Cp С. (4.1) 
ge, Cp = eet ) 
and similarly for the pseudospinors d,, di. 
Relations of the type 
a,U' or а; be (4.2) 
are then invariant with respect to transformations (2.1—2). 
We may now write invariant relations of the form 
NPC mes ` (43) 
for spinors, and 
cad = imd, Cd, = та (4.4) 


1 This is shown here for simultaneous inversion of the three axes х1, Хау %,, but it follows directly 
also for an inversion of each of the axes separately. 
* For one of the two kinds of spinors mentioned in the footnote on page 436 there exists 


a two-component theory of the Majorana type in which both the time and the space inversions 
may be realized. 
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for pseudospinors. The coefficients in each pair are chosen in such a way that for 
real m the equations become complex conjugate when relation (2.3) is assumed with 
|x|? = 1. It may be easily shown that equations (4.3—4) are invariant with respect 
to inversions of space and time if we put 


las 1) (4.5) 


(с.ф» Ca and c; are transformed like spinors, d, and 4; like pseudospinors with а = + 1) 

Introducing іп c,; the derivative vector 9, instead of x, we get two sets of dif- 
ferential equations. They may be conveniently written with the help of the Pauli 
spin matrices 


01 0—i то 10 
m ( 0) Eer ( a „= (5 Ba Ka | j 2) 


in the form 


бра In ё = Ша Р E те (4.7) 
быз On DU ооа іта“ 
where «o; "0; (111, 2; 3), со оо 
Introducing the two-component spinors and pseudospinors 
с а 
<= : Желге 
(4.8) 
а di 
GE =» 
we may write further in operator form 
(o; 9; ER Co 9) ИХ | 5 (4,9) 
(c; 9; — оо 90) у = my | 
(о; 9; + 09 99) N = imë (4.10) 


(o; 9; — go 90) Š = — imm 


Finally we may write these equations in fourdimensional form introducing the four 
-dimensional spinors and pseudospinors 


= 


é 
2 |: (4.11) 


and the four-dimensional Dirac matrices 


; n= (09) nz. à 4 (4. ) 
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One obtains 


(Yu д + m) V = 0 (4.13) 
and i 
(у, 9. + іту) Ë = 0 (4.14) 
where 
o 0 
Ve 72173 as КЕ sl (4.15) 


Equations of the form (4.14) are equivalent witch (4.13) as may be readily seen 
by introducing Г, =i Y5 Yp 

Taking, in accordance with (4.5), for a the value, а = e = +1, one easily 
obtains from (3.7—8), from the corresponding transformation formulae for pseudo- 
scalars and from (4.1) the following transformation formulae for y and ¢ 


ГЦ: р (к) = iey, vr) &' (x°) = ieys ya Cal (4.16) 
L: р (0) = ieys ya v(x) 6 (x) = iey, C(x) (4.17) 
For the three inversions /,, L, [3 one easily verifies by the same means that for J: 


y'(x') = ieys y; p(x), ER) = iey; Са). 
In terms of two-component spinors formulae (4. me may be written in the 
following way. 9 


9' = єў £' = en j : 1 
зы», 2 (4.18 
Тұ $9 shoe а . 


Let us go over now in equations (4.9—10) to the two-component theory according 
to equations (3.9—10). Written in terms of d a š nme о are 


it BA A y ape 
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Expressing with help of relations (4.23) in (4.18—19) the formulae for I + for 


spinors and the formulae for 7, for pseudospinors by means of x and q respectively, we get 


ТЕЗ, db 0805 (4.24) 
To Жы Leu H к 

г. n = LEO * | (4.25) 
Mr scis aun] e 


Introducing in the same way (4.23) into the equations for I> for pseudospinors and 
for Г, for spinors we get four equations for two variables which are inconsistent. 
This shows once more that the notion of time inversion (space inversion) does not 
exist for two-component spinors (pseudospinors). 

Expressing further by means of (4.23) g through y and £ trhough 7 in equa- 
tions (4.9) and (4.10), we get the following twocomponent equations for spinors 
and pseudospinors 


(0; 9; + oo 9%) у = — im x o, y* (4.26) 
(0,9; + o ду) n = mx o, x* (4.27) 


In the two-component theory of the neutrino proposed by Landau, Lee and 
Yang and by Salam one proceeds in a different way. It is seen e. g. from (4.9) that the 
terms which mix the components ф and x vanish if m = 0. In this case one may 
treat each equation of the pair separately. Neglecting e. р. ф we get only one (two- 
component) equation for y and vice versa. It is easily seen that when one of the 
components or y is neglected (put equal to zero) then it makes no sense of speaking 
about inversions since these transformations transform according to (4.18—19) 
Pinto x and vice versa. The notion of inversions of space as well as of time does not 
exist in this kind of theory. 

Of course we may also use another interpretation. Instead of neglecting one of 
the equations we may consider it as describing particles of an ”antiworld“. The world 
does not mix with the "antiworld" due to m — 0. The notion of inversions is then 
preserved and each inversion transforms the world into the "antiworld" and' vice 
versa. We have then to do with an essentially four-component theory. 

The difference between the theory of Landau, Salam and Lee and Yang and the 
Majorana type of theory consists, apart from the transformation properties, in the 
fact that the latter gives a two-component theory of particles with not necessarily 
vanishing rest mass, whereas in the first the vanishing of the rest mass is essential. 
In the Lee and Yang-Landau-Salam theory the spin of the particle is always parallel 
or antiparallel to its momentum, whereas in the theory described by equations (4.26) 
or (4.27) this is not the case. Of course if we put in equations (4.26—27) m — 0 we 
may obtain all the theoretical results of Lee and Yang, Salam and Landau by proper 
choice of the interaction. However, we are free to introduce a certain amount of 
depolarization by allowing m == 0 which may be of importance when more accurate 
measurements of polarization phenomena are available. 
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5. Bilinear forms and the theorem of Lüders and Pauli 


The existence of bilinear invariant and covariant forms is of importance for the 
construction of such physical quantities as the Lagrangian, current, momentum, 
angular momentum et c. In the usual four-component theory we have the following 
forms 


y, Tue P, Wy, Vs йрув Vu Y (5.1) 
iy 0, V» V ys Cw V 
where 
1 
d, = 2 (Va Ve — Vr Yad 22 


The transformation properties of these forms are easily obtained from (4.16—17) 


and the well-known commutation properties of the y, matrices. They are given in the 
following Table 1. 


TABLE 1. 

Trans- d я 
E? p 
о УУСУ) ur — = + + + + 
= a 
3 EY ДАЛ — + = 05 m SÉ E 
ig me 
z V viv—vyi 9) — == 25 m ta = Ж 
Lye TE 
g  v—v» 9) T + = = 24 2 T 
ұғы Ж 
офф | + | + = = оры 2% E 
e > 
2(%9,%9-%У2УГ%) = = 22 ТУ = y A 
E? e 
5 V Oik Y — v oi y) + = = + > ЖЕ Es 
we җе 
2 ( Фау — V оду) = a eke <, y cs "T 
los T a mna 
2 ( Ys Oik V — Y Oik Ys y) = == = = dt f 


1 = T T- 
3 ФУ Oia V — Y o Ys y) xis © — = + ae a "E. 
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In this table + denotes invariance and — denotes change of sign of the cor- 
responding form. It is easily seen from column 1 that for space inversions I: the 
forms containing y; transform like pseudotensors, the forms without y; like tensors. 
For time inversions J, (second column) we have just the opposite transformation 
properties. The forms without y; transform like pseudotensors and those with yg 
like true tensors. This fact constitutes a difficulty when we wish to write invariant 
relations between forms of the type (5.1) and true tensors. This difficulty cannot 
removed in the frame-work of classical theory. 

In quantum theory there is a way out of the difficulty which was proposed by 
Schwinger (1951) and which has strong relations with the connection of spin and sta- 
tistics. If we antisymmetrize in quantum theory the forms (5.1) 


га INE S 
9 0p > 3 (vOv —vOT y) (5.3) 
we may obtain change of sign of these forms by the transposition (column 3) 
yOy = yOTy (54 


If we now supply each time inversion T, by a transposition (5.4), we get just the neces- 
sary change of sign. We shall denote time inversion followed by a transposition by T 
(column 4). It is easily seen from column 5 that the product I; J; = ІР, leaves the 
scalar and the pseudoscalar forms unchanged. This is the content of the Lüders Pauli 
theorem. It states simply that an even number of inversions does not change anything 
in a form which is invariant with respect to rotations (proper Lorentz group). This 
statement becomes for Bose fields still more trivial since in this case 7, — 7, due to 
the fact that Bose fields are quantized with commutators and symmetric forms must 
be used. 

It may be noted that one could even reverse the argument and use the demand 
of proper behaviour under Г, of the forms (5.1) to conclude the quantization of the 
field by means of anticommutators for spin 1/2 fields. Similarly one could proceed for 
fields of integer spin. : 

For pseudospinors the situation is similar. In this case the forms with yg (with- 
out уз) transform like pseudotensors (tensors) for J, and like tensors (pseudotensors) 
for Iz. Using transposition together with Iy and denoting the resulting transforma- 
tion by Ё we get again the necessary change of sign and the result that J+ I = I+, 
leaves each form unchanged which is invariant with respect to the proper Lorentz 
group. 

It may be noted that in the above formulation charge conjugation C does not enter 
explicitly into the theorem. The usual formulation with C is from the geometrical 
point of view rather unnatural. It may be obtained by multiplying J}, by C?. The 
operation C? = С · C does not change anything and therefore the same results hold 
for I+ I, as for I; - С: CT. Now СІ, is just Wigners (1932) time reversal and thus the 
usual form follows in which the Liiders Pauli theorem is applied. It may be noted, 
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however, that from the geometrical point of view charge conjugation C appears in 
this theorem only apparently. 

Let us go over now to the two-component theory described by equations (4.26—27) 
From the fact that in such a theory either space inversions (for pseudospinors) or 
time inversions (for spinors) do not exist, we easily see that it makes no sense to 
speak about the Lüders Pauli theorem in the above formulation. Of course, other 
invariance properties (time or space inversions excluded) may be derived from the 
invariance with respect to the proper Lorentz group. We do not want to discuss this 
point here. 

The main problem in the process of quantization is the construction of a Lagran- 
gian. One easily verifies that in the classical theory a Lagrangian which does not 
vanish identically and is constructed out of spinors must necessarily be either inva- 
riant with respect to Iz but not hermitian or hermitian but not invariant with respect 
to Iz. For a Lagrangian constructed out of pseudospinors we get the result that it may 
be either hermitian but change sign in time inversions or be invariant with respect 
to 1, but not hermitian. 

In quantum theory it is possible to write a Lagrangian which (due to the anti- 
commutation rules) does not vanish identically and is hermitian and invariant with 
respect to Í; for spinors and with respect to 7, for pseudospinors. 

The easiest way to get such a Lagrangian is to start for spinors with the usual 
antisymmetrized Lagrangian for a Dirac spin 1/2 field 


1- 1 = 
L= = р (Vau + т) р + y Qu du mv (57) 
In terms of the two-component spinors p and y this may be written 
i 
= 2 {9% o; 9,9 + of emt — x* 6,9; 3 — x of 9;x* — 
CDS Tap eq iq T o < 
— ma y +my*p—mpy* --mxg*) (5.8) 
Expressing here by means of relations (3.9—10) or (4.23) œ through x we get 
BT er Lt de émane E de x+ 
+ т{х* Z og y + x* ge X") (5.9) 


One easily verifies the hermiticity of (5.9) and the invariance with respect to in- 
versions of space. Equations (4.26) follow from (5.9) with x — +1 


= —i(x* o;9;x + x of 9; x* + x 99 X“ + x* д y) + 
+m (í 62% Ға аа x*). (5.10) 


An analogous situation presents itself for pseudospinors. 


Bus sodass 
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The above considerations reveal another deep-lying difference between the two- 
component theory described by equations (4.26—27) and the theory proposed by 
Lee & Yang, Landau and Salam. In the former the Lagrangian of the free fields 
is invariant (with proper choice of x) with respect to the allowed inversions (of space 
for spinors and of time for pseudospinors). In the latter an inversion brings the fields 
occuring in the Lagrangian into non-existing fields or (in an alternative interpreta- 
tion) into fields describing the „antiworld”. Thus in the theory of Lee & Yang, Lan- 
dau and Salam non-invariance with respect to space and time inversions is an intrinsic 
property of the free particles. On the contrary equations (4.26) are invariant with 
respect to space inversions. The assymetry in the angular distribution results here 
from the non-invariance of the interaction. Hamiltonian. For equations (4.27) the 
situation is just reversed with respect to space and time. 

It is a pleasure to express my gratitude to Professor D. Blokhincev and to other 

members of the staff of the Joint Institute for Nuclear Research for their kind hospi- 
tality at the Institute. I would also like to express my thanks to Professor. V. Vo- 
truba and to Dr. I. Ulegla for interesting discussions. 
Additional note. I received a preprint of Mr. K. M. Case's paper in which similar 
problems are treated. There are, however, some differences as well in the approach 
to the subject as in some of the results, especially those concerning the inversions of 
space and time in the two-component theory of Majorana. 
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In this work are given these terms in the matrix components of energy for hexa- 
gonal close-packed lattice, which contain E-integrals for the neighbour atoms from the 
second to the fourth. 


The first part of this work (1957) contained the calculations of the matrix compo- 
nents of energy for hexagonal close-packed structure in the nearest neighbours appro- 
ximation. Because the unit cell in hexagonal close-packed structure has two-atomic 
basis; we have the matrix components of-energy of two types: 


(тп), = У) exp (kr) | 97, (ғ) Не, (r— r) dr, 


(m|n)is = >J exp (kt) f pn (r) He, (r— 4) dr, 


where r; are the translation vectors; they give the atom positions in the simple hexa- 
gonal lattice denoted by 1, t; = r; + f, where t, = E a, = За, = c) is the 
vector joining the basis atoms. # determine the atom positions in the simple 
hexagonal lattice denoted by 2. 

In previous calculations we have retained in the above written sums only the 
E-integrals for these vectors r; and t;, which give the positions of the nearest neigh- 
bours of the atom at the position (0, 0, 0). Since we used a model of the hexagonal 
ideal close-packed lattice, we had six atoms at the distance a in the lattice 1, and 
six atoms at the same distance in the lattice 2. 

When we wish to have a better approximation we should take into account the 
further neighbours of the zero atom. In the present part of this work we have calcu- 
lated in the (m/n),, and (тп) these terms, which contain E-integrals for the neighbo- ` 
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urs from the second to the fourth. Taking into accont the fourth neighbours was 
necessary because these fourth neighbours appear equally well in the lattice 1, as 
in the lattice 2. The position vectors of the neighbour atoms and their distances from 
the zero atom are given in Table I. 


TABLE 1 


The neighbours in the close-packed hexagonal structure 


Number of 


Succesive the neighbours 


order of the 
neighbour 


Index of the lattice and the position vectors of the 


Distance 


at the same neighbours 


distance 


1 L: (+ is if 0), (+ 15 — 1, 0), (+ 25 0, 0) 
DET : +1 0 > 1 1 І +1 
2 Boa? , , pH H Tan 
2 y2 6 itio: eos em 
a : en D НЕ E 22449. 7-25-25 
| | 3 yes qe 
ИИ | 
3 | = a 2 1: (0, 0, +2) 
4 УЗа | 18 1:(+3, Le 0), (0, +2,0), (+3, == 1,0) 
2: [3,2 +1 ai Cake o 
H H E H 975 a "gm > 


2 ё + 1 1 Р +1 1 Р 1 
Ge , , т , Е 


The length units along the axes x, у, z are defined as previously 


1 Le 1 1 
о B = 5 V3a, y 


The results of the calculations are summarized in two tables. In the Table II 
are given the expressions for the components (m/n); in terms of three-center E-inte- 


grals. E-integrals for the atoms at the distance 2 a are expressed in terms of inde- 


pendent E-integrals for the vector R, = (0,0,2) (second neighbour of the zero atom in 
lattice 1). The E-integrals for the atoms at the distance V3 a can be expressed in terms 
of the independent E-integrals with the centers R, = (0,2,0) and —R, = (0,—2,0) 
(third neighbour of the zero atom in lattice 2). In this case one cannot express all 
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E-integrals in terms of E-integrals depending on only one position vector. This 
results from the properties of the symmetry transformations of the lattice. For 
brevity we introduce in the tables the following definitions 


RT. (Аз) = Jon (—R3) == EX (Ry). 


Le (R3) E ng (—R3) = Е еп (R3). 


In Table Ш are given the expressions for the elements (mjn) in terms of 


three-center E-intergrals. E-integrals for the atoms at the distance V2a are expressed 


in terms of E-integrals depending on the vector T, = (o = ) (second neighbour 


of the zero atom in the lattice 2), and for theatoms at the distance V3a are expressed 


in terms of E-integrals depending on the vector T, = (2 = 1) (third neighbour 


of the zero atom in lattice 2). 


Figure 1 displays the positions of the atoms with respect to the zero atom. The 
heavy lines and full circles refer to the lattice 1, dotted lines and open circles refer 


Fig. 1. The positions of the neighbours of order 1, 2, 3, 4 in hexagonal ideal close-packed lattice 


the plane z — = c. The vertors R, R, and Т, Т», Тз are indicated. The vector R, is 


| to the lattice 2. The full circles are in the plane z — 0, and the open circles are in 
£ 
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perpendicular to the plane of the figure directed upward. The vectors R and 7 have 


been defined in the part I of this work. 
The autor wish to thank Dr. M. Suffezyñski for suggesting of the theme of this 


work and for valuable discussion. 


The elements (m/n) in terms of E-integrals 


TABLE II 
the neighbours of the order 2, 3, 4. 


(жа) = (2/2) = (zlyz) = (ylxz) = (z|xy) = (aylyz) = (xz|x?— y?) = (x2/32*—r?) = 0 


(s/s) 
(s/x) 
(s/y) 


(s/z) 


(s/xy) 
(s/yz) 


(s/x? — y?) 
(5/322- r?) 


(x/x) 
(х/у) 


(x/xy) 


(x/xz) 


(ey) = (улу) 


(x/3z? — r?) 
(y) 
(ylz) 


2E, s (Rs) cos 25 + 2E, s (R5) (2 cos 36 cos у + cos 2y) 
V3 sin 3 Ey (R3) sinn + iE, > (Ез ) cos nl 
2Е, y (Ra) cos 26 + Е,, (RZ) (cos 27 — cos З cos n) + iE, ,(Нҙ ) (sin 27 + 


+ cos 32 sin 7) 
2iE, z (R,) sin 2% 


ҮЗ sin 3£ [E, yeye (g^) sinn + EE, qs y: (R3 ) cos al 

ФЕ, yz (R,) sin 2X 

2 Ey an уа (R?) cos 26 + Е, is y (ву) (cos 217 — cos 35 cos қ) + 

+ Es зау (Ез ) (sin 27 + cos 3 sinn) 

2E, 322 72 (R2) cos 20 + Es Зета (R3) (2 cos 3€ cos n + cos 27) — 

— iE, 354. a (Rg ) (2 cos 36 sin n — sin 2n) 

2E, (В) cos 2C + ТЕ, x (R3) + ЗЕ, ,(Н,)| cos 3ё cos т] + 2E, , (Rs) cos 27 


V3 [Ex (В) — Ey, y (R,)] sin 3£ sin 7 


1 
2E, xy (R2) cos 2C + 5 ЕЕ (ву) A p (R3 )] X cos 3É cos n + 


1 a = 
+ Ey ху (R3) cos sl, B [ES (Ra ) d Ab, vm (R3 )] cos 36 sin N 


— Ey „у (H3 ) sin >| 

ШЕ, yz (R,) sin 2C 

1 

b: V3 sin Se ES (RF) — Ер y (R3)] sin 9 + 


+ i [Esa (R3) — Ey, xy (R3 )] соз") 


ҮЗ sin ЗЕ ГЕ, zo un (R3) sinn + ЕЕ, äer un (Ёз ) cos n] 
2E, ,(В,) cos 2¢ + [Е ‚у (Rs) + ЗЕ, , (Rs) | cos 36 cos mn + 2Е, y (Ез) cos 2n 
2i E, = (В) sin 25 


Application of the Tight Binding Method, II. 


(ylyz) 21Е, yz (R5) sin 2% 
2— y? 2E 2 m R3) + 3E, (RI) x 
DUNS) y» x*— yt (Н) cos Se 9 [ „x2—y? ( 3 à x xy (V3 [ 


(y/3z? — r?) 


X cos 36 sin 7 + Ey а. уз (R3 Desa] - d [Ey, x-y: (R3) + 


Ар ЗЕ, ху (Ез )| cos 32 sinn — E xi— y (Rz ) sin 1 


2Е, 32: а (В) cos 2¿ + Е, gen p (85) (cos 27 — cos 36 cos n) + 


+ PE, zen an (Ез ) (sin 27 + cos З sin 7) 
Y, 32?—r 3 


(212) 2E, (В) cos 26 + 2E, z (Ry) (2 сов 3 cos 1] + cos 2n) 
(zlyz) 2E, yz (В) cos 2t + E, y, (R3 ) (cos 2) — cos ЗЕ cos 1j) + 
+ GE, у (Ез ) (sin 27) + cos ЗЕ sin 7) 

(zxz) ҮЗ sin 32 [E, y2 (RF) sinn + iE, yz (R3 ) cos n] 

(z/x2 — у?) QE, ну (Ra) sin 26 

(2|322 — r?) ШЕ, 32: _r: (Re) sin 26 

(aylay) 2E y, лу (Ba) cos 26 + Ia an (t) + Aa pe, aD (Ra) x 
X cos 38 cos n + 2E,y, ху (Ra) cos 2 

(xy/x2) 2i E, xz (Ra) sin 20 

(ху]х®— у?) ҮЗ [E;, xy (Fa) — Eye ys, ау (Ra)] sin 2 sin n 


(ху[322 — г?) 


V3 sin 3E p 3z2— 1:3 (в ) sin 7 + ны, 32 rä (R3) cos n] 


(yzlyz) 2E,, yz (Ra) cos 26 + [Eyg, yz (Ra) + 3Eyz, xz (ВІ x cos 3ê cos 7 + 
+ 2Е, у (Rs) cos 27 

(угізг) ҮЗ Lë xz (Ra) — Eye, yz (Вз) sin 36 sin л) 

(vafa? — у?) 2E, уз (Н) sin 2€ 


(yz|8z2 — г?) 


(zz |xz) 


2iE. yz, 322 — r2 (Rə) sin 2C з 
2E ха, xz (В) cos 26 + [Е xz, xz (R5) + es (R.)| X cos 36 cos 7 + 
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+ Zb xz (Ез) cos 2 

ZE ya as уа (В) cos 25 + [Es yu, ae (Ra) + ЗЕ, xy (Ra)] соз 36 cos n+ 
+ 2Е,а_ ys, a уз (Ra) cos 27 
BE ast Ut) cos 20 ELE 
iEys_y2, за a (Rs ) X (sin 2n + cos 35 sin 7) 
Za a, 353 — уз (Ro) cos 26 + 2Egus 72, 322 (Ra) X 
x (2'cos 3Ë cos 7 + cos 2 7) 


(a2 — yix — у?) 
(x2 — 52/322 — 7?) ауа ET (RZ ) X (cos 27 — cos 3£ cos n) + 


(32? — r?|3z?— т?) 
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TABLE III 
The elements (m/n,,) in terms of E integrals — the neighbours of the order 2, 3, 4. 


: 4 2 4 
(s/s) 2E, (Т) cos C ГЕ Se + 59 +i (sn $9 - 
2 1 
muc pu n) | +4 E, s (Т) cos Ç 5 
m 5 1 
+ cos 28 cos = Дат n) +i ET relics 
+ cos 2 si А &si 3 
cos sin ли? ш 7] 
: | 2 2 жеді | 
(s/x) -2 V3E, y (Ti) sin 2 Е cos C (sn Zu DEN — 2 cos 65 Us, (Ta) + 
EVE AT FETT eae 
у (T3)] sin 3 £ sin EE sx (Та) sin 2£ sin TU + 


+ [Esx (Ts) — V3E, , (Тз)] sin š sin B ») ==; (is. (T3) + 


1 Жк 
+ ҮЗЕ, (Ts)] sin 3 & cos Zt PES (ТӘ) sin 28 cos E 


— [Es (T) — УЗВ,» (To sin ë cos 2 Ji 


(5/у) | 2E, y erg om | (өз-өзін E | ыы: 2 | 
pisa oe D — c в 
gue 34 2 2. | 
Е х sin 3 Б + 2 cos ¿ ШЕ e Е, y (T3)] cos 3 6 cos Ta E. 
Hor | же VC EC ЯЙ t 


HS mise? BEES ELM Es 
М т Af š 4 


BEE 


( з/ху) 


(s/yz) 


(s/xz) 
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S 2:2 2 
2 ҮЗЕ, д à (Te) sin 2 соз & GET er ) — 2с080 Х 


^ З ы 1 жі! 
(= (T3) + МЕ. Kl sin ЗЕ sin 1% n + 


BN a ae 
+ 2E, xy (Тз) sin 26 sin T. n LESS) —VSE, ,: — y Ufall 


2 


ЕЕЕ BETEN SEN.) 


ч ] à 4 
X sin 36 cos = п --2Е;,, (Ts) sin 22 cos E -- ESS (T4) — 
5 
= Е (T3) sin & cos =) | 
4 2 4 
— 2E, yz (Ts) sin & ( віп TA + cos 26 sin i) — i ( үй 
= 2 d D 
— cos 2& cos тү: — 2 sin Č MB (E. (T3)] x 
1 
X cos 3é sin — AU + 2E, yz (Тз) cos 26 sin = + ГҮЗЕ, (Т) is 
2.9 я 
+ pe (Тз) | cos £ sin is) — E (ns... (Tj Е;,, (T3)] x 
1 4 4 
X cos Зё cos T n + 2E, yz (Тз) cos 28 cos г. — ҮЗЕ, „. (T4) + 
š 5 
+ E зу: Ufall cos Š cos E 


2 "22 . 
= 2 V3E, „. (TJ) sin 2Ë sin & (enim 2) — 2 sin £ X 


1 
x ( [E, (Та) + ҮЗЕ,,,(Т,)| sin 32 сов sb 


: | Я ; 
+ 2E, xa (Ts) sin 28 cos — 5 — Es xg (Ts) — ҮЗЕ, ye (Ta) x 


x sin £ cos 1) +i ge (T3) + ҮЗЕ, ys (T3)] sin 3 sin E n+ 


+ 2E, us (Тз) sin 2é sin — = ESS D = V3E, syz (1;)| X sin £ sin is) | 
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4 2 4 
2Е аз. y: (Ta) cos $ (+ n— cos 26 cos ) + i Е 7 0 + 
. 2 KI 
— cos 26 sin = jJ + 2 cos б OI (T4)— Е, _y (T3] x 
1 4 = 
X cos 36 cos c + 2E, x». ys (T3) cos 22 cos rr [V3E, xy (T3) + 
5 
+ Eye (Тз)] cos £ cos 5) dk y (tins т) 
EN i Е 
pm (T,)] cos 3Ë sin Tr Jr 2E, ,а. уз (T4) cos 26 X 
5 
X sin — =" те [V3E, colles (Т,)| cos & sin = Ji 
4 x 2 à 4 
2E, зау (T5) cos C cos ru + 2 cos 26 cos 7 + i | sin ГЕ - 
DP қ Е 1 
— 2 cos 2Ë sin 3 n + AE, зз уа (13) cos С cos 35 cos e + 
4 5 1 
+ cos 26 cos a + cos € cos 5) +i (es in 200 + cos 2£ х 
ud Es 5 
X sin — y — co: = 
ne 7 — cos & sin : 7 
4 Le 
cos 61 | 2E, (T3) соз SC + [Е,, (Te) + 3E. >> (T.)| cos 25 х 
2 2 4 
x cos za + i | 2E, x (Ta) sin ru — а» (Т) + 3E, y (Т,)| x 
a tere 
X cos 2é sin E "| (+ cost y| [Exx (Ts) +2 үзЕ,, (13) + 
1 4 
ЧЗ у (Tall cos 32 cos = + 4E, (T3) cos 26 cos SC? alle 
5 
+ [Ex (Ts) — 2 ЗЕ, , (Ts) + 3E, „ (Т,)] cos £ cos E d + 
BEL (re xx (Ts) + 2 Var, y (Ts) + 3E, (T3)] cos 3 X 


GE — А 
X sin us п + 4E, (T3) cos 25 sin CU 1 Е x (T3 — 


о V3E lt 3E, „у (T3)] cos Ë sin i 
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(x/y) V3 E, xx (T2) — Ету (T,)] sin 26 cos С (sn = + i cos E d ré 
= =: (№ (TD CE, TA 'y,y (T9)] sin 3£ x 
көл 4 
X sin Es я + AE Y (T4) sin 22 sin = 4 [V3E xx (Тз) = p (Т) — 
ES үзЕ,, (T3)] sin & sin — z == (vz. xx (T3) sis 2E. у (T3) — 
— 4 1 4 
= V3E, y (T3)] sin 32 cos = n + AE, , (T3) X sin 26 cos E n + 
+ ГҮЗЕ,, (Ts) — 2E, y (Ts) = үзЕ, y, y (Та) X sin 6 cos — | 
2 I2 
(x/z) =I VDZ Bye (T) sin 28 sin (co Z aistn — 2 sing X 
1 
x |ü (Т) + VBE yx (7's)] sin 86 cos 3 n+ 2E,,: (T3) x 
5) 5 
x sin 2é cos SC E (T; -үзЕ у: (Т) | sin £ cos SS d + 
= PET 
+i Is, (T3) + V3E „z (T3)] sin 35 sin Е n + 2E, (Ts) x 
3 ze 
x sin 2é sin —n+ [Es (T4) — V3E, Oe (T3) sin é sin я n Í 
4 
(x/xy) cos С T" (Т.о) cos = n+ Es (T3) + 3E, ay (T4)] х 
2 4 
ЕЕ x.y (Fs) sin ~n — [E SC 
е 
ab : (Tall cos 2 sin ms 2) + (зв, Ns (T3) + 
( = 1 
Ey uy (Ts) + ЗЕ, a (Ts) + VE, (T3)] cos 3 х prr ПЕТ 


+ AE, yy (Ts) cos 28 cos — — [УЗЕ, Ет ny 


e 5 
5 ЗЕ, y (T3) + ҮЗЕ, (ТУ) ] cos £ X соз = n) +i (Vene (T)+ 
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3.74 
+ Еу (Ta) + 3E, y (Ts) + ЙҮЗЕ, (09] cos 3 £ sin — + 
4 
+ 4Е, у (Ta) cos 2 ë sin — n+ [V3E, a (Т) — E, (T) — 
2. WS 
— ЗЕ, a (Ts) + ҮЗЕ, (dl cos ë x sin — n 
^ : Е 2 2 
(x]yz) V3 [Ey yz (T2) — Е,,(Т,)| sin 25 sin ¿ | cos тада iria = 
— sin б Ivan... (T3) x Ш уе (Ts) == ЗЕ а (T3) S 


1 4 
— ҮЗЕ, (Т)] sin 35 cos — 7 + 4E, y, (Ts) sin Zë cos — + 
AE [\5Е x: (Т) F E ys (T3) es Е (Ta) Fi 


5 — 
de: V3E, y. (7,)] sin & cos E n) sd (vos. (73) — 
E l Ё 
== xyz (Ts) Se ЗЕ, xz (Т3) = ҮүзЕ,,, (T3)] sin 38 sin 37 F 


7 
+ AE, y, (T3) sin 26 sin — n — [үЗЕ, „„ (Ts) + Eg ys (Ta) — 


" ° 
— ЗВ, (Ts) — ҮЗЕ, (Ты) sin £ sin i) 


(х/х2) | | = = sin Ç EE 3 Ез [Еа (T3) + ЗЕ, ye (T3] x 
a A U Ke Es P i e: | s 


4 | NS 


ras EYES Ма 
puso LED = (я 
Ka A: dis 


fal cers 


(x[x3 — y?) 
(1/322 — r?) 
(yly) 


Application of the Tight Binding Method, II. 457 


ag Г (T3) p VE. (T3) FS Yap (Т) ap 


5 
+ 3 Ey yz (Тз) | cos £ soc ا(‎ 
к? 2 

О (T) — Br 2 (T,)] sin 25 cos (sn а 7 + i cos E 1) + 
AE cos б (T ауз | Т.) = norm (T4) Sie ЗЕ, (T4) == 

u 1 4 
— ЗЕ, xy (T3)] sin 3 sin = п — 4E, < уз (Тз) sin 26 sin Es n + 
+ [Eu (Ts) + ҮЗЕ, en (To) VE S (Ta) — ЗЕ, „(Т х 

тео ; = 
X sin € sin = n | — š | [Ex, (Ть) — ҮЗЕ, (Ts) + ҮЗЕ, seye (T) — 
1 | 4 

— ЗЕ, (Tall sin 32 cos = п — 4E, x: y: (Ta) sin 26 cos E 9 — 


— [Eu an An (Ts) ҮЗЕ, „у (Ta) — ҮЗЕ, ys (To) SE, (T9] x 


i £ 
>x sin soc 7 
3 


5 29 2 
2ҮЗЕ, 32% (To) sin 22 cost (s E n + i cos E d — 2 cost; X 
ES. D D 1 
x Us, За? pr? (T) + V3E „322 —т° (T| sin 3E sın 3 7 + 
. D 4 
+ 2E, aen en (Тз) sin 26 sin = n + [Es (TE 
Б FACE 
— ҮЗЕ, aen — (T3)] sing sin za) -i | [Essere (Ts) + 
1 e A 
+ ETS E (T;)] sin 3£ cos ax + 2E загу (Тз) X sin 26 cos TEE 
5 
AU E, a Mn = үзЕ 322 — (Тз) X sin 6 cos aul 
4 
cos Ú [ë jy,» (Тз) cos — ў + [E,,, (T3) + 3E, (T'2)] cos 26 x 
2 š . 4 
x cos is +i Te ва [Eyy (Ts) + 3E, , (T] х 


х cos 2 sin iJ + eos С | ez (Ts) — V3E, , (Ta) + 


L 
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1 4 
+ Ey, (Тз)] cos 32 cos y + 4Ey (T3) соз 28 cos 7 + 
+ [8E, (Ts) + 2 V3E OU Ns EE (T3)] cos & cos = л) E 
= 1 
+i es, (T) — 2 үзЕ,, (T3) + Ey y Ufall cos 36 sin a п + 
+ AE, y (T3) cos 2 sin SÉ [3E, (Ts) + 2 ҮЗЕ, , (Ts) + 
5 
+ Ey y (T3)] сов Š sin i») 
od : 4 DNE 4 
— 2E, (T3) sin 5 ein mag co Баш di =? au 
— cos 2& cos E Ji — 2 sin t ns, me (hs) Е T) Хх 
1 4 3 
X cos Ë sin = n + 2E, „ (Тз) cos 26 sin T п + VG (T3) + 
+ Е, Ufall cos Š sin — 5.) — і (tae xz (T3) — E, Ee, 
1 4 
X cos 3£ cos — 7 + 2E;,, (T3) cos 2 cos vp [V3E, CEE 
5 
+ Е,,(Т,)| cos £ cos я Ji 
А 2 А 2 
V3 [E оху (Та) — Ey у (Ufall sin 26 cost (= E n + i cos 2a) — 
— cost | ez. 2_y2 (Тз) + V3E, лу (Та) = V3E yat (Та) — 
PERS, > m 
— Ey xy (T3)] sin 3 £ sin se? + AE, ху (T3) sin 2 6 sin TU de 
+ [8E (T) — ҮЗЕ, у (Ts) + VSE, a. (T) — 


5 
Ey xy (T3)] sin & sin "m n) —i (в: клу (Ts) te Var x,xy (Тз) — 
- ҮЗЕ, „л зу (T3) — Ey y (T3)] sin 3 £ x cos — =" d 


A 
+ 4E, xy (To) sin 2 ё сов — n — [BEz (Т) — VBE xy (Ts) + 


(yly2) 


(y/xz) 
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А 5 
3r ME (Ts) — Е,,,(Т;)| X sin £ cos я Ji 
` F H 4 n 
— sind 2E, ys (T,) sin b 7 — [3 Ex xe (1 2) + Б (Т.)| х 
. 2 Қ 4 
X cos 26 sin n) — i лт» cos zu + [3Ey xz (То) + 


2 
+ Ey,yz (Тз)] cos 2 cos i Ji — sind (ba... Gr 
x NEE (T3) — ҮЗЕ, xx (Т) + Е, ys (T;)] cos 3E X 


1 4 
X sin = 7 + AE, xz (T3) cos 2£ sin = [ЗЕ (T3) + 
e 4 ^E 
+ ҮЗЕ, y, (T) + ҮЗЕ, an (Ts) + Ey ye (Ts)] сов sin mu 
= | ЗЕ, (T) — ҮЗЕ, ,(Т)- VBE ,, (Ta) + 
1 "EA 
+ Ey y; (T3)] cos 3& cos p: n + 4Е, у. (Тз) cos 22 cos SCH + 


5 [Sp (T3) * Vere (T3) SR үз (7) + 


5 
+ Е,,:(Т;)| cos £ cos TE 2) 


2 ee 
V3 [E, y, (Т) — Е,,(Т.)| sin 25 sin Ç (s A 77 — v sin — d z 


3 


— sint (055... (Ta) + 3E, ya (Ts) — Ey, xz (T) — 


— ҮЗЕ, yz (T)] sin 3£ cos = n + АЕ, xz (Ts) sin 24 cos = n + 
+ VBE xcs (Ts) — 8E, y (Ts) + ЕЁ, (Ts) — 

— ҮЗЕ, „ (Т) sin & cos = n) Ti (Nie. (Тз) + 

+ ЗЕ, у. (Ta) — Ey. (Ts) — V3E, yz (Ts)] sin 38 x 


1 NIU 3, 
x sin 3 n+4E,, (Ts) sin 26 sin 3 Ve: KE (Т) — 


= 5 
= ee (T3) + Ey x2 (Ts) — үз ak (T3)] sin £ sin Ex d 


ғ 
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4 
(у]х®— у?) cos Č (ав, xy: (Та) cos ў n + [BE xy (Ts) Ey y (Т,)| x 
° 2 | | 1 4 
X cos 2É cos un T i 2E, „+ уз (T2) sin xijg ЗЕ, „у (Т) + 
2 
Еа а (Т.)| cos 2 sin f 2) - S (Tg) — 
1 
Eoo eb SUP a үзЕ, 'y,xy (T's) | сов ЗЕ X сов E 4- 
: | 
— 4Ey, ga (Та) cos 2Ë cos 7 — [V3E, — ve (Та) + 3E, «y (Та) + 
5 | 
HE gy (T) E VSE, y (Pa sê < cos n) чы (Nine (m: 
SE 1 
— ЗЕ, y (T) = Ey, as y (T3) + ҮЗЕ, (Ts)] cos 38 sin i 
. 4 Ze E 
— 4E, sy (Ty) cos 26 sin —— y + [V3E, эчу (Ts) + ЗЕ, (Ts) + | 


5 ү 
ag Ey, xt? (Ts) + УЗЕ, oy (Т.)] cos Š X sin 3 Ji xt 


4 2 4 
(y|3z2— г?) 2Е, заза (T2) cost ë ET gardens 2Ë cos = 1) +i (sn a + 
je 
+ сов Ce sin — DIE + 2 cos Ç Шама (T3) — L Ë 
| Ka F au)” 
| XE s.c 
бз p cet cos ЗЕ cos - $^ + E ен 


"frt GR телді 
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4 3 
+ cos 25 cos = 7 + cos С cos "i ) +i (co. sin E n+ 
4 5 
+ cos 26 sin = 7] — cos Ё sin = d 
= 2 2 
(z/xy) —2 ҮЗЕ, (Т,) sin 2£ sinc c r 7 — i sin E n) = 2 sm É >x 
= | 1 
X ETS ENA More (T3)] sin 3£ cos = я + 
Я 4 
+ 2Е, ху (Тз) sin 2 £ soc ES п — [Е zxy (Ta) — үзЕ, 5х? — y? (T| x 
Ж ле 
ТИ ІШЕ, с (Ta) + V3E we um (Тз)] X 
қ toas! ) 4 
x sin 36 sin Ad + 2E, ху (Тз) sin 2 £ sin SCH ET) 
пе 
ғы ҮЗЕ, — ua (T)] sin é sin = 2) 
4 2 Та 
(zlyz) 2E, yz (T2) cos Ç cos Т n — cos 26 cos Т? п] +i (біп E n+ 
42 
+ cos 2 & sin we + 2 cos Ç ВЕ, ж EE 
4 
X cos 36 cos — zi + 2E, yz (T3) cos 26 cos = 7- ГүЗЕ,„„ ( (Tj) + 
5 4 - 
a eye (T,)] cos Š cos EX n] +i [V3E, (Ts) = 
1 4 
— E, yz Ufall cos 3£ sin eal + 2E, yz (T3) cos 26 sin — n + 
5 
+ [ҮЗЕ (T3) + Ez, (T9] cos ë sin — n 
i2 К 2 
(z|xz) 2 V3E, yz (T,) sin 2 £ cis Ú (= = n + i cos Se n)- 2 cos X 
И m i 
x [Е,„г (Тз) + V3E, yz (T3)] sin 35 sin = n + 


4 
+ Zë (T) sin 26 sin 2-7 + [ЕЁ (T) — V3E, „. (T9] х 


$ 
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(2|х%— у?) 


(2/3z2— г?) 


(xy/xy) 


5 — 1 
x sin £ sin * n) — i (г... (T3) + ҮЗЕ, (Т,) | sin 32 cos Тү n + 
4 = 
+ BR (T) sin 28 cos —  — [Exes (Т) — V3Ez,y2(Ts)] х 
| 5 
x sin & cos 3i Am 
4 2 
—2E, د‎ уз (Ta) sin Ç mu ВЯ — i | cos — 7 — 
2 
— сов 2Ë cos E 1] — 2 sin Ç Hrs (T3) — 


1 
— E, yi Ufall cos 3£ sin m + 2E, а (T3) cos 26 x 


, × بر‎ 
4 = 20$) 
X sin Ss n + [V3E, „» (Ta) + Еу (T3)] cos 6 sin E n) — 
| - 1 
N (Nie. (T3) — E, aam (T3)] cos 3£ cos = n + 
4 
+2E,, хз ya (Ту) cos 22 cos A 7- [V3E, — (T4) + 
5 
+ Ez, хау (T3)] cos £ cos = Ji 
і H e 4 

2E, zen a (Т) sin Ç [É cos 2 sin e 7] — sin ry n) +i ( cos 26 X 

2 4 
X cos Sech + cos т d — AE, 3:3 n (Тз) sin Ç ë 36 x 
er? 1 794242 4 345 : ap 1 

sin — cos — и — ER = Сй 
5 бін еті cos С sin 3 7 ¿ | cos STE y jou 
4 5 
+ cos 2é cos E + cos & cos E d 
A 
cos Ng 2 5 (Т.) cos = n (Е, ‚ху (Ta) + SEG ya, ڈو‎ (T| X 
2 я E 
X сов 2ё cos a n | +t (2E, ху (To) sin e 9 — [Еу (T's) + 
Тү. 

+ SE, ya, n y: (Т) | cos 2£ sin zt 7] ( + eost ) [Exy xy (Ts) + 


1 
+ 2 V3E,,, ху (T3) + ЗЕ, ауз ху? (T;)] cos З& cos E n t 


mls s. 


(ху/ух) 


C ж. 
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4 
+ 4Е xy ху (Тз) cos 2£ cos a 1+ [Exy, xy (Ts) — 


5 
— 2 SEL. × yi (T3) Ez Ab y, x?—y? (T3)] cos £ cos ГУ H — 


+i Ir ‚ху (T4) + 2 V3E, жа у? (T4) + AË уз, ху? (Тз)] х 


jl 4 
X cos 34 sin — zu + &Е„„ xy (Тз) cos 22 sin = EE 


о Var, xy, × y? (T3) == Ab уз, ху? (T;)] cos € sin — = 


es 2 
үз [E усл су (Та) Е, xz (Т.)| sin 2 sin € ( = п — 
=. i sin = ) = sin С d xz,x*— у? (T4) — VBE. ‘yz xty? (Тз) ES 


SCH 1 
де yy хужа (T's) — Exy ye (Т.)| sin 34 cos 7 SS 


+ 4E ex ZC sin 2E o cos — = a= BE unt EK 


— El vas 


y VBE. رر‎ т) " xyxz NS = (ЖЫ: (T3)] х 


— 


| E: Kcd +i (sra үй үзЕ,, S TAE 


rss (TJ) — E vs (T) sin 3& Je E 57 CS 


4 
* 4E, y, (T) sin 2E sin — + Pr (Ts (т) Ші 
4. 


b 
Ey e (TD — сше 6 
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(zy|x°— у?) 


cb ҮЗЕ, BE ex cos 32 sin — -n + 4E yy xz (Тз) cos 26 X 

4 
x sin nt (ҮЗЕ A a y (Ts) — 

aed 
n Е xz (T3) + WEE (T3)] cos 6 sin 3 n) == 
Е: (ЖЕ (T3) + 3E yz,xi— у? (T3) TE хуз (Тз) dk 
EIN Leges eicere x 

2 xy, yz (Т) | cos 35 cos 3 n Xy,Xz cos 

4 a 
X cos 3 == [V8E s: (Т) n SE y (T3) = 


25 
— Kass (Ta) ҮЗЕ, (T3)] cos £ cos = Ji 


V3[Exy, xy (T3) — Ел уза ys (T2)] sin 26 cos 5 % = n + 
+ ico п) ct (БЫ „ху (Та) + در ر22‎ (Ts) — 


I , p ЖЕ vA 
- ЗЕ yy (T;)] sin 3 £ sin 37 + AE, y (Т) X 


in es Le (T) — Bag (Ts) — 


(yz|yz) 


" FW 9 
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z TN 4 

X sin 3 £ sin 3 7 + 2E ху,З322— ү? (Т) 51п 2 £ sin — 3 H + [E et ri (T4) == 

z E S 
— у (T3)] sin sin is) —i fe 322 — ү? (45) + 
1 
ae V3E xt — yt, ES EH (Т,)] sin 3 £ cos 3 if) ae A xy,32?—r? (Т.) X 


x sin 2 £ Cos — Se [E; „32? — pi (T) — Vap m: (T3)] X 


Я қ 5 
X sin 6 cos = A 


4 
cos Ç | 'yz,yz (T) cos — 3 1 aF [E, ESL: (Т) + ЗЕ хг,х& (T;)] x 
2 4 
X cos 2 Ë cos = n) +i a 'yz,yz (Ту) cos raram [E (0) 
= ` | | 
e За» (а) соз 22 sin 54 JI cos © liis... (T) — 


e 1 
= 9 үзЕ,, жа (Ts) "SE. жа (Тз)] cos З £ cos = n+ 


eng 4 3 тт 
AEy, y (Ta) cos 25 P» Ed 2 gs [zz (Ts) +2 Ve (Ta) + 
" | и 5 d ER 
+ ЗЕ, ха Wëll cos Ё cos 3 n) + i [ E (Ts) a 
к= \ 4 
< Үш Cy es T т. Sgt Ж E N 
-2 ave ar Pasan À (T3)] eos 38 sin — + 


ke? i 
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5 
x sin £ sin E n) _ We (Ta) + 2Ey, xs (Тз) — 
DS V3E 'yz,yz (T3)] sin 36 сов — т + AEy, sz (Тз) sin 28 X 
4 
X cos — ya + [V3E, s. (Fs) 2E,, x2 (Тз) — 


— V8E,, (Ta)] sin £ cos — ) = 


4 
(yz[a3— y?) — sin С (2r, xt y (Тз) sin e — [SE xz (Ta) + 
; N 
` + Ey, ау: (T2)] cos 26 sin тя n) == bann (T) x 


4 К 
х соз тт n + ВЕ, Bald + Е, ху: (Тз)] cos 2& x 


© X eos 4 jJ] + sin { ( [V8E,,, LS эт.) 


== 


7 1 - 
— Вуз, у: (Ts) + VE; £ (Т;)| cos 3 sin 2705 


AE 


“ 


4 бос 
"Me i y (Ts) cos 2E sin = n + [VBEyz, i (Туз + = 


E Segen (Ts) +E | host (Ts) x үзі; XY, VE Kë x 


AR 


5 rs з n) "a ne ж-е (9 - Tass (T9 — 
p А MET dant 0. Mic ame 


Er КҮ є И Аби eg 


(xz/xz) 


(zz|x2— y?) 
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= 5 

A ГУЗЕ,., 32, (Тз) + Ey, 322 уа (T3)] х cos £ sin zi ) = 

E = 1 
== (а. 328 — уз (Т.) = Eys, 323— у? (T;)] Х cos 3E cos 3 H + 

4 = 
+ 2Eyz, 32172 (Ts) cos 28 cos RU EZ за- (Ts) + 
5 
+ Ey, за, (T3)] cos & cos = Ji 
3 
cos С ere (Т, cos п п + ША х2 (T;) ЗІР SEE (Т.)| X 
2 м 
X cos 26 cos Eu dt 2E ye (Ty) sin TE nec Er (ТЕ 
m2 

+ ЗЕ. yz Ufall cos 2 sin ES jJ] + cos C (С (T3) + 


- 1 
+ 2 V3E (Тз) + 3E,, yz (Тз) | cos 3€ cos m + 


j 4 
+ 4Е, ха (Тз) cos 26 cos Ty n + |F: (7) = 


я 5 
59 ҮЗЕ (Ta) + 3E,, у (Т»)] cos 6 cos = 1) ak 
+i (2... (Ts) +2 NE (T3) ar ЗЕ, yx (T3)] X 

"vl „ 
x cos 36 sin eh + 4Е, xz (Т) cos 26 sin SS 
= У 5 | 
— [E (T3) — 2 ЗЕ, (Ts) + ЗЕ, ye (Ts)]X cos ë sin =" 
3 ; б 2. 
ҮЗЕ, ә. (Ta) — Е, (Ta)] sin 26 sin € [соз — 7 — 
a қ i Ж 

ЕШ, 3 n) + sin Ç (Ce (73) = VBE xa (T) + 


1 
+ V8E,, дм (Тз) — ЗЕ, yz Ufall sin 3 cos MIS 


4 
-4Е,, хз уз (Тз) sin 26 cos SST Ге tuys (LS) + 


+ УВЕ,» (Ts) — V3E,, pe (Ts) — ЗЕ yz CD] X 
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5 £ 
x sin Ë cos = 1) +i (Ce (Ty — VBE (T3) + 
E ' D H 1 
+ УЗЕ, (Ts) — ЗЕ, (Та)] sin 32 sin — n — 


4 
— 4 E,, x: уз (T3)] sin 26 sin cu + [Exzjxt—yt (Тз) + 


= = 5 
SS Von (Ts) Var 'yz,x!—y* (T3) — yz (Т) | X sin D sin — ll 
20,2 z о : b © AT 2 
(х[3а%— г?) —2 Elite (T,) sin 26 sin С | na r n) = 


— 2 sin б {te x2,32°—r? (T;) ЗЕ Var 3Eyz, Зла ra (T3)] X 
1 | 4 
x sin 3é ces rud + 2E, 3:3) (Тз) sin 25 Ne 
5 
TE, ر‎ Zei — г? (T3) — V3E. yz, 32?—r? (7.)| біп Å cos 3 1) Ee 
- 2 1 
+i (us. зал (Тз) + ҮЗЕ заа (T)] sin ЗЕ X sin ЧА. 
4 
+2Е,,, л— (Та) sin 22 sin — 3 + [Ex за (Ts) — 
— VBE. ‘yz, 32*—r2 (Таз) | sin 6 sin Ii jJ] 4 | S 
о [i (Ty) cos = n+ Becr (T d | 


ates - EL Fans) d: 155 x | 


Ww 


Application of the Tight Binding Method, II. 469 


1 
+ ЗЕ, xy (T3)] cos 38 sin 3 n + AE ys, Ly (Тз) X 
72 = 
X cos 2Ë sin E, 1 — [Ex уз, xt (Та) + 2 V3E ree un ess 
5 
+ 3E, z ( fall cos £ sin я jJ] 
a 4 2 
(x3— y2J3z2— r?) 2Е,а. уз, 32272 (T5) cos C cos 7 1 — cos 2Ë cos = n | + 
тата 2 
+i cos san s + 2 cos X 
= 1 
X [V3E, و‎ 327 (T3) == Pays, 321—751 (T;)] X cos 34 cos m 7] + 
4 5 
-- 2E. y, 322— ү? (T;) cos 24 cos 3 qu [V3E,,, 352 rä (T3) + 
5 ; = 
+ Ел уз, за al fall cos ё X cos i +i [V3E, , Set (Тз) — 
s 
— Шаа. ys, 32 (Т,)| cos 86 sin 3 7] + 2E. уз, 323 — ү? (T3) X 
d = PCR 
X cos 26 sin E + [V3E, , 3:2 n (Та) + Ba уз, 32272 Ufall cos 6 sin wd 
2. ,2/34,2.. p2 4 2 
(32?— r?[32? — г?) 2Еҙа a, 3:3 a (То) cos Ç cos * 7 + сов 26 cos Ут | + 
e oed . 2 
+ 1 sin 3 NZ 2 cos 2Е sin 3 n + LS 321— 2 (T4) X 
1 4 5 
X cost IE = 7 + cos 26 cos T 77 + cos £ cos = n) + 7 
р 4 5 
+ i | cos 3& sin p + cos 2£ sin E 7] — cos Ё sin = 1 


КРАТКОЕ СОДЕРЖАНИЕ 
М. Мионсек. Применение метода тесной связи для исследования свойств симметрии 
знергетических полос в компактной гексагональной структуры 


В настоящей работе даны те выражения в матричных составных энергии для 
гекзагональных, плотно упакованных, кристаллических сетей, которые содержат 
интегралы Е для соседних атомов от второго до четвёртого. 


REFERENCES 


Miasek M., Acta phys. Polon. 16, Nr 5, (1957). 
| 
\ 


Vol. XVI (1957) ACTA PHYSICA POLONICA Fasc. 6 


DECAY OF PHOTOLUMINESCENCE OF SOLUTIONS 


BY ALEKSANDER JABLONSKI 


Physics Department, Nicholas Copernicus University 


and Photoluminescence Laboratory, Institute of Physics of Polish Academy of Sciences, Тогий, 


(Received July 13, 1957) 


Several factors may cause the decay of photoluminescence to deviate from simple 
exponential law. Influence of some factors (depolarizing chocs in the case of gases, thermal 
rotations of luminescent molecules, quenching and self-depolarization of photolumines- 
cence in the case of solutions) were studied in earlier papers. In the present theory 
a further factor is taken into account, this factor being the change produced by neigh- 
-bouring like molecules of the probability of transition involved in emission: of phospho- 
rescence. Such changes occur in certain organophosphors investigated by Frackowiak. 
The model of a luminescent centre, adopted in the present considerations, is the simplest 
one — a luminescent molecule, primarily excited by absorption of light, with some 
unexcited like molecules within its active sphere, the distribution of which among the 
centres being that of Smoluchowski. It is believed that the results may be a good appro- 
ximation also in the case, in which the centres are in reality complexes of very loosely 
bound luminescent molecules mutually oriented at random. Expressions are obtained 
describing the decay of photoluminescence ‘аз well as those describing the decay time 
dependence of its polarization. 


1. Introduction 


It has been shown long ago (Jabloñski 1935 and 1936) that factors causing depo- 
larization of photoluminescence, such as depolarizing chocs in gases, or thermal 
rotations of luminescent molecules in solutions, may give rise to a departure of the 
decay of photoluminescence from the simple exponential law (experimental proof 
by Szymanowski 1935, and Kessel 1936). Recently the influence of quenching of 
photoluminescence (Jabloñski 1954) and that of the transfer of the excitation energy to 
like molecules (Jablonski 1954) was studied. In the course of the investigations of 
the decay of phosphorescence of certain organophosphors, performed by M. Fracko- 
wiak (1957), a new factor appeared to affect the decay, viz. the change produced by 
neighbouring like molecules of probability (per unit time) of transition involved in 


(471) 
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emission of phosphorescence in luminescent molecules — the duration of phosphor- 
escence increases with increasing number of neighbouring like molecules!. In the 
theory of the decay given below the last factor is taken into account. 


2. Theory 


Two kinds of processes affecting the decay may be distinguished: 1. processes 
the probability of which may be assumed to be the same for all like luminescent 
molecules (or atoms) in a given system (depolarizing chocs in gases, thermal rota- 
tions in solutions), and 2. processes, the probability of which must be beforehand 
assumed to be different for different individual molecules of the same kind. Such 
processes (quenching, self-depolarization) are caused by "disturbers" (like or unlike 
molecules) in solutions, in which the configuration of disturbers in the neighbour- 
hood of a luminescent molecule cannot be in general considered as independent of 
that, which existed at the moment of excitation. Such is also the case to be considered 
here. We shall use with a small modification the equations given already in previous 
papers (Jabłoński 1954 and 1955) for the simplest model of a luminescent centre, 
consisting of a luminescent molecule with disturbers (like molecules in our case) 
contained within its active sphere. We believe that our considerations apply also 
to the centres being complexes of very loosely bound luminescent molecules, provided 
that the luminescent molecules belonging to a complex are mutually oriented at 
random. 

Let the subscript Ё denote the number of luminescent molecules of which a centre 
(or complex) belonging to the group k is formed, and let N, be the number of excited 


centres belonging to the group k and n the number of groups into which all N — >; N, 
k=1 
centres of a solution are divided. The time dependence of each N, is given by 


ам, 
dt 


with T, = y, + Wo + Wp 


= — Гь № + Ax, k = 152 ... TL, (1) 


where y, denotes the probability per unit time of electronic transition giving riseto the 
emission of photoluminescence, W, the probability of all other electronic transitions 
from the initial level of photoluminescence band (including internal quenching), 
W, the probability of external quenching in centres of group k, and 4, the number 
of excited centres of group k produced per unit time. In the previous papers (Ja- 


1 Schmillen (1954) has observed an increase of duration of fluorescence at higher concentrations 
of acridine orange solutions, or adsorbates. He ascribes the effect to the formation of complexes of lumines- 
cent molecules, emitting a slower fluorescence, compared with that emitted by non associated molecules. 
The slower fluorescence differs in its spectral composition from that of monomers. 


cmt 9À а. 
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bloñski 1954 and 1955) y, was assumed to be the same for all groups of centres. 
However in the case considered here y, is just the quantity distinguishing the centres 


belonging to different group. y thus has to be provided with a subscript, indicating 
the group concerned. 


The solution of eq. (1) for 4, — 0 reads 


N, = New, (2) 
where No = N, for t = 0. 


The decay of the intensity of photoluminescence emitted by group £ in all direc- 
tions is given (apart from a multiplicative constant) by 


L, (t) = = y, N NO ОЕ НТ: — Ce e TH, (3) 


The decay of the photoluminescence of the whole solution results from super- 
position of T, (t): 


I= > I, (t) = > етти, (4) 
k=1 k=1 


Inspection of eq. (4) shows that, if either y, or W,, or both, are different for different 
groups of centres, the decay of the total photoluminescence emitted in all directions 
does not follow a simple exponential law — the decay curve is in this case a super- 
position of several exponential curves. The initial values (for t = 0) of I, = Ij 
(or N, = №») depend on conditions of excitation. 

Let us consider in detail the decay of phosphorescence of organophosphors. 
The course of the decay in this case depends practically exclusively on the transition 
from the metastable level M to the initial level F of the luminescent band (Jabłoński 
1935a)?. y, of eqs. (1) ... (4) is thus in our case the probability per unit time of the 
M > F transition. The transition involved in absorption of the primary light is the 
N — F transition, N denoting the ground level. Its probability is assumed to be the 
same for all groups. We now have to calculate the distribution of centres excited to 
the F-level (i. e. centres with one molecule excited to this level) among different 
groups. According to Smoluchowski (1904) the probability of finding k particles 


k 
y 
(luminescent molecules, in our case) within a volume v is Fi e”, where у = по, n 


being the concentration of the particles, The case, in which there are no molecules 
within v (k = 0) is irrelevant to us. What matters is the proportion of different kinds 
of centres, say, the ratio of the number of centres with k = 1 to that with k A 1, 


k—1 
this ratio being AT . The probability of excitation of centre to the F-level by absorp- 


2 According to Lewis and Kasha (1945) the metastable M.state is a triplet state. 
£ 
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tion of light (provided the absorption coefficient does not depend on k) is propor- 
yk-1 


Br 
If we assume that the probability of F — M transition is, for a given temperature, 
proportional to that of M — F transition y,, we obtain for the number of centres 
of the group k produced per unit time by transition from F to М 


tional to k. Hence the relative abundance of centres excited to the F-state is — —— 


pk-1 


Yk Te 
4 лет Ze" 


where В is a proportionality factor independent of A. 

In order to obtain the relative population N, of different groups as a function of 
time £ from the beginning of excitation with light of constant intensity, we have to 
solve eq. (1) with the above expression put for A,. The solution fulfilling our condi- 
tions reads 


pk-1 
№ = Бі Gopi — eC Dl. (5) 


The relative intensity Гу of phosphorescence emitted by group k in the moment of 
cessation of the excitation lasting t, (1. e. at the beginning od the decay) is Ip) = y; №, 
where №» = N, given by (5) for t = tọ With these values eq. (4) becomes 


I (t) = Se SE ji exp (Гм0)1 ey (4a) 


This expression is used (with experimental values of y, and with assumption F, < y, — 
no quenching!) by Frackowiak (1957) for calculation of semi-theoretical decay 
curves of phosphorescence, and for calculation of volumes of active spheres resul- 
ting from his experiments. Е 

We now proceed to considerations concerning the influence of excitation energy 
transfer between like luminescent molecules on the decay of polarized photolumines- 
cence, and on the polarization of photoluminescence.? 

Let photoluminescence of an isotropic solution be excited by polarized light, 
and let components of emitted photoluminescence be I, (parallel to the electric 
vector of the primary light) and 7, (perpendicular to it). We define a quantity r 
("emission anisotropy") as 


S Ahern M cough ЖӘН 
ON I DD RD Mea => ра (6) 


5 TH y problem has been already treated (Jabloñski 1955). Some new results are obtained here, 
which apply to the organophosphors. 
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I == 
where о = —L (the degree of depolarization), and P — A (the degree of pola- 
d + 
rization)*. J, +271, = I is the total (emitted in all directions) intensity of lu- 


minescence. It follows from (6) that 


1 + 2r 
И eot 3 


and 


ere, (7) 


Let us now consider a centre belonging to the group k (i. е. containing k lumin- 
escent molecules) in a solution, in which there are no depolarizing factors, except the 
excitation energy transfer between like luminescent molecules. The excitation energy 
transfer causes the probability w, (t) of finding the excitation energy with the mole- 
cule primarily excited by absorption of light to decrease with time té. Provided 
и, (0) = 1, w, (4) is given, for the adopted model of centre, by 


шь (t) = жолым s: (8) 


where u denotes the excitation energy transfer probability per unit time (Jablonski 
1955). 
It is easy to show that, in general case, in which w, (0) = wg, == 1, wy (t) reads 


1 + (Е ши — 1) езен 


Т (ба) 


wp (t) = 


As shown in the previous paper (Jabłoński 1955), the emission anisotropy is 


r (t) = row, (t), (9) 
- where rq is the fundamental emission anisotropy of photoluminescence of the given 
solution (i. e. that anisotropy, which would be observed, if there would be no depola- 
rizing factors in the solution). 

It follows from (8a) and (9) that r (t) decreases with time. according to 


E -kut 
r(t) = 1 lem Ze = / | (10) 


` 4 [n the case of excitation with natural light the emission anisotropy is ` 


r, = ————a = — = В 
ра CS Gen аср: 
where J’ and I” are the components perpendicular and parallel to the direction of the exciting beam 
respectively, 0, and P, are the degree of depolarization and that of polarization for excitation-with natural 
light. 
£ 
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The limiting value of r(t) for t — > is 


r (оо) = T (11) 
If the degree of polarisation is used instead of r(t), the eqs. (10) and (11) become 

(by means of (6)): 

1 1 1 1 k 
0-54 Ex leds ү". =. E 12 
Pi а y b: 3 1 + (Kwgg — 1) еген 12 
and (for t > оо) 
1 T 1 1 
= — — | k. 12 

ne 7 st (А -3)1 aay 


The limiting values r,(>0) (or Р,(оо)) may be observed in cases of photolumi- 
nescence of long duration (cf. Frackowiak 1957). 

We now proceed to calculation of w, for conditions, for which eqs. (5), and (4a) 
are derived, i. e. for the case of excitation of phosphorescence with primary light 
of constant intensity. Let the duration of excitation be tọ, and Na the number of 
excited centres of group k at the end of the period of excitation. From eq. (5) we have 


Ny _ Tne 
num ^ l—e-Thte 


Hence (by means of eq. (8)) 


to 
`Гьеги TEE 1) ente 
AER ] PT Е EEG: 
0 
1 je | Гь 1 — є-(ТА+Ёшь 


"dos k Ty+ku  l—e-T& C (13) 


For (T, + ku) to < 1 (the case of sudden excitation) wg == 1. 


For tọ — оо (very long excitation) 


IE 5 
Е. 


k 
Hence it follows that, if photoluminescence is observed during excitation at times 
sufficiently distant from the beginning of excitation, the emission anisotropy is 


1 ЕЙ 
ae) lé Er a). 


thus being different for the same band, according to whether it is emitted in fluores- 
cence process, or in that of phosphorescence, Г, being very different in these cases. 


=, 
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By means of eqs. (4), (7) and (10) we obtain the following expressions describing 
the decay of components of the total luminescence emitted by all groups: 


I = T 
Ge y ass ich Гь £ ұз, LE (Ruso = 1) exp ( =) Pun 
k k 


k 


and 


I il k = | z. 
Г = Y Ij у E Ea + Us ER = е-Ги. (14) 
k k 


In cases, in which the process of depolarization comes to an end in periods of time 
short compared with those of the duration of photoluminescence (ku >> Г, for all Ё) 


eqs. (14) become 
DË i | Sp Ze | е-Гы 
k 


I 
I= У = Ë a 3 е-Гы (15) 
Е 


In this case both components Jo and I, у of photoluminescence emitted by each 
particular group decay exponentially with the same decay constant J, the polari- 
zation of 7, remaining constant and equal to its limiting value 


and 


3 то 


Р, (со) = SER 


during the whole decay time. 

Eqs. (14) and (15) are general expressions describing the decay of photolumin- 
escence of rigid solutions (organophosphors). For the particular case of phospho- 
rescence the values of Г, and w,, have to be taken from eqs. (4a) and (13) respectively. 


3. Discussion ' 


'The most characteristic feature of the theory exposed in sect. 2 and in previous 
papers (Jabloñski 1954 and 1955) is the following: All the centres of a luminescent 
solution (or, of an organophosphor) are divided into groups, each group being cons- 
tituted of centres having similar configuration of disturbers (like luminescent mole- 
cules in our case), or being similar complexes of luminescent molecules; the be- 
haviour of each group is described by separate equations. Obviously, the necessity of 
dividing the centres in groups arises only in the case of different behaviour of different 


centres. In particular, in investigations of the decay of photoluminescence such 


necessity arises, if there are in the solution centres with different decay constants, 
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these differences being due to some processes caused by disturbers (we do not con- 
sider the trivial case, in which luminescent molecules of different kind are present 
in the solution). If the decay of each group proceeds according to the exponential 
law, the decay curve of the whole solution is a superposition of simple exponential 
curves. This conclusion is to full extent corroborated by results of Frackowiak (1957). 
The decay curves of the organophosphors investigated by him are actually a super- 
position of a few exponential functions, and are very well represented by expressions 
(15), following from the present theory for cases, in which depolarization processes 
terminate in short periods of time, compared with the duration of luminescence, 
i. e. for cases, to which also his case belongs, in which the polarization of lumines- 
cence of each group remains constant during the whole decay time, except its very 
beginning, unobservable in his experimental conditions. The observed values of 
polarization thus are the limiting ones for t — >. If we assume that the observed 
depolarization is chiefly due to the excitation energy transfer, we may conclude that 
centres belonging to groups with lower degree of polarization contain a greater 
number of luminescent molecules, than those with higher degree of polarization. 

According to Frackowiak (1957) the duration of phosphorescence increases 
(while polarization decreases) with increasing k (number of luminescent molecules 
forming a centre). Hence it follows that the more there are like molecules in the 
vicinity of the primary excited luminescent molecule, the lower is the probability 
per unit time y, of transition M — F (thermal activation). In other words, the pre- 
sence of like molecules in the neighbourhood of the excited luminescent molecule 
reduces у, y, is proportional to the Boltzmann factor (Jabłoński 1935) and thus 
may be written (Randall and Wilkins 1945) as 


yy = Sp exp (— E,/kT), 


where E, is the energy difference between the F- and M-levels (activation energy 
of phosphorescence), and 5, the proportionality factor. The change of y, with £ 
means that either E, or S, (or both) change. This problem requires further investi- 
gations. 

It is worth mentioning that a prolonging of the duration of phosphorescence 
due to formation of complexes (or even to formation of very long polymer chains) 
was observed by several authors (cf. e. g. Garlick 1949 p. 214 and 224). 
The prolonging of the duration of fluorescence with increasing concentration of 
luminescent molecules was observed by Schmillen (1954), and ascribed to 
formation of complexes (cf. footnote 1). The prolonging of the duration of photo- 
luminescence by neighbouring like molecules thus seems to be a rather general 
phenomenon. Whether this phenomenon is always connected with a formation of 
complexes (molecules held together in a regular formation), or not, further investi- 
gations may decide (in our considerations the centres are treated as formations aris- _ 
ing by purely accidental encounter of certain number of lüminescent molecules 
within active spheres). 


+ 


4 


ғ 


- 
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It would be interesting to investigate whether the phenomenon of prolonging 
of duration of emission by neighbours plays any role in the imprisonnement of reso- 
nance radiation of atoms. 


КРАТКОЕ СОДЕРЖАНИЕ 


А. Яблонский, Затухание Фотолюминесценции офганофосфоров. 


К Обобщена теория затухания фотолюнимесценции на случай органофосфоров, 
в которых длительность затухания зависит от присутствия вблизи возбужденной 
люминесцентной молекулы других (невозбужденных) молекул того-же рода. 
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LETTERS TO THE EDITOR 


ABHANGIGKEIT DER SPINWELLENDISPERSION VON DER 
MAGNETISCHEN STRUKTUR DES ANTIFERROMAGNETISCHEN 
RAUMGITTERS 


Von Henryk CorrA 


Abteilung fiir Ferromagnetismus des Physikalischen Instituts der Polnischen Akademie der Wissen- 
schaften, Poznan 


(Eingegangen am 3. Juni 1957) 


Im allgemeinen nimmt man an, dass fiir die Spinwellendispersion im Antifer- 
romagnetikum die einfache Proportionalität œ ~ k zwischen der Kreisfrequenz o 
und dem Betrag k des Wellenvektors gilt. Das ist aber nur dann ohne weiteres ver- 
stándlich, wenn alle Nachbarspins entgegengesetzt gerichtet sind. Bei dieser ,ge- 
wöhnlichen“ Zerlegungsweise des Gitters ist jede Richtung gleichberechtigt und 
daher scheint es natürlich, dass die Frequenz nicht von der Richtung der Spinwelle 
abhängt. Es können aber auch solche antiferromagnetische Raumgitter vorkommen, 
in welchen nicht alle Nachbaratome entgegengesetzt gerichtete Spins haben. Das ist 
z. B. in allen möglichen Zerlegungsweisen des antiferromagnetischen flächenzen- 
trierten kubischen Gitters leicht zu sehen. Man kann erwarten, dass man dann an- 
dere Dispersionsformeln erhalten wird. 

Es ist interessant zu untersuchen, ob die Dispersion einer Spinwelle im Anti- 
ferromagnetikum von der magnetischen Struktur der Substanz abhängt. Die Disper- 
sionsformeln für einige solche Gitter versuchte ich vorläufig mit Hilfe der Methode 
von Keffer, Kaplan und Yafet (1953) zu finden. Diese einfache Methode stützt sich 
auf das Prüzessionsbild' der Spinwelle, das auf der Basis der Bewegungsgleichung 
des m-ten Spins entstand (Döring 1948, Herring, Kittel 1951).-Sie erlaubt manche 
Probleme der Spinwelle rein kinematisch zu behandeln (siehe auch Cofta 1956) und 
zu unserem Zwecke ist diese Methode sehr bequem. Sie liefert zwar weniger strenge 
Formeln als manche andere Methoden, gestattet aber leicht die Unterschiede zwi- 
schen Dispersionsformeln für verschiedene antiferromagnetische Gitter zu ermitteln. 

Für kubische Gitter habe ich folgendes erhalten: 

(481) 
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1. Einfaches Gitter, „gewöhnlich“ zerlegt (Abb. 1): 


w ~ k = (k? + 12 KA (1) 
2. Einfaches Gitter, zerlegt in (001)-Ebenen (Abb. 2): 
wo ~ (hg — hy — E) = (26, 9 (2) 
3. Flächenzentriertes Gitter, zerlegt in (001)-Ebenen (Abb. 3): | 
w ~ |k, (3) 
4. Flächenzentriertes Gitter, zerlegt wie im Falle des MnO (ABb. 4): 
w ~ (k, k, + k, k, + k, ky | (4) 


In den Formeln (2) und (3) ist die z-Achse und in der Formel (4) die Richtung 
(111) bevorzugt. Das bedeutet eine Anisotropie der Dispersion, in der Richtung 
nämlich, die senkrecht zur Ebene des gleichgerichteten. Spins liegt. 

Wenn man im Falle 2. zwischen den entgegengesetzt gerichteten Spins ein an- 
deres Austauschintegral (4°) als zwischen geichgerichteten (4) annimmt, erhält man 
eine etwas modifizierte Formel: 


e ~ Кы — A (Е + ETS 
Die Zerlegungsweisen 3. und 4. des flächenzentrierten kubischen Gitters sind 


mit der Que erster prose zweiter Art der üblichen Nomenklatur 
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gittern zusammengesetzt ist (die sogenannte Ordnung zweiter Art für raumzentriertes 

kubisches Gitter) sind die Rechnungen noch nicht beendet. Die angefangenen 

Rechnungen für ferrimagnetische Raumgitter lassen analoge Unterschiede erwarten. 
Die ausführliche Rechnungen werden binnen kurzem publiziert. 
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